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ABSTRACT

Along with its many desirable properties the Fast Transver-
sal Filter (FTF) algorithm suffers from explosive diver-
gence. This type of divergence occurs when the algo-
rithm is seemingly performing its operations normally,
producing usable solutions, when the algorithm appears
to suddenly produce extremely large errors and an obvi-
ously useless solution. Although it is known that a loss
of backward consistency is the cause for the resultant per-
turbations, i.e., a violation to interrelationships between
update parameters are not explicitly enforced by the up-
date equations, it is not known why the algorithm suffers
explosive divergence rather than a divergence that grows
as a continuous function over time. Algorithms have been
proposed to circumvent this problem but it remains to be
shown through theoretical justification whether these al-
gorithms have remedied the problem or only put it off to
some later iteration. Here, we provide a rationale to ex-
plain the explosive character of divergence that is inher-
ent to the manner in which the FTF algorithm is derived.

1. INTRODUCTION

The Fast Transversal Filter (FTF) algorithm is well-known
to suffer from a kind of computational divergence that
can occur over a very small number of update iterations.
We term this divergence explosive divergence. Lin [1] as
well as Cioffi and Kailath [2], determined that shortly be-
fore such divergence one of the update parameters, the
so-called conversion factor, attains a computed value that
violates a theoretical bound. Independently, Slock and
Regalia in [3] and [4], respectively, discussed this phe-
nomenon in terms of a stability domain (or, equivalently,
a stability manifold) and attributed it to the loss of back-
ward consistency of the filter’s update parameters. Es-
sentially, the FTF algorithm loses its least squares charac-
ter when constraints that theoretically link the algorithm’s
parameters, and which are not monitored during the ex-
ecution of the algorithm, become violated. This moti-
vated what now is termed the Stabilized FTF algorithm
given by Slock and Kailath in [5]. However, the term
stable refers to experiments in which the modified algo-
rithm continued for many iterations after the FTF algo-

rithm suffered divergence. It remains to be shown ana-
lytically whether this observance is indeed general or if
it only holds true for some class of problems. Recently,
Bunch, et. al. [6] used the concept of consistency to bet-
ter predict forthcoming divergence before the FTF algo-
rithm loses its least squares character. However, it re-
mains an open question as to why the divergence of the
FTF algorithm is explosive in nature and not a type of
divergence that can be modelled by some continuous, in-
creasing function. If it can be shown that the explosive
divergence is inherent to the manner in which the FTF
was derived, then one must be very careful with using
any algorithm that is the result from modifications to the
FTF algorithm. We demonstrate that conditions exist in
which a subproblem used in the derivation of the FTF al-
gorithm can become ill-posed. We present conditions in
which this occurs and mention how these conditions can
easily be satisfied with the FTF algorithm. Additionally,
this is of interest since it involves a condition that may be
inherent to other algorithms.

2. BACKGROUND

The FTF algorithm can be derived by considering four
transversal filters responding to a common input [7, ch.
16]. Equivalently, these four filters can be written as least
squares problems related in that only the right hand side
vector changes. The FTF filter algorithm exploits this
relationship through its update equations to yield values
that in exact arithmetic are equivalent to the values given
from the four transversal filters (or least squares prob-
lems). As discussed in Bunch, et., al. [8], the sensitivity
to perturbations in these parameters are defined in part by
the underlying problem: In this case, the problem would
be one or more of the four transversal filters (least squares
problems) which serve as a first step in the derivation
of the FTF algorithm. In particular, one of these filters
(choice of right hand side vector if interpreting this as a
least squares problem) yields as its output parameter a
column of the pseudo-inverse of its data matrix. Before
detailing this, we introduce the notation that is to be fol-
lowed.

To denote vectors, matrices and real scalars we will



use characters in boldface, capital and lower case, respec-
tively. We define uM (n) to represent the M ×1 vector of
input measurements u(i), i = (n − M + 1), (n − M +
2), . . . , n that are linearly combined to approximate some
response d(n) at time index n. In general,

uM (i) = [u(i) u(i−1) . . . u(i−M+1)]t, i = 1, . . . , n.

Then the residual in estimating d(n) using uM(n) is given
by e(n),

e(n) = d(n) −
M
∑

i=1

kiu(n − i + 1).

Here the coefficient vector kM (n) = [k1 k2 . . . kM ]t is
found by minimizing the cost function

n
∑

i=0

| e(i) |2 .

To fully describe the particular transversal filter of inter-
est, we assemble the vectors uM (i) into a matrix A,

A =











uM(n)t

uM(n − 1)t

...
uM(M)t











∈ IR(n−M+1)×M .

The vector of desired responses

d(n) = [d(n) d(n − 1) . . . d(n − M)]t

will be defined through the special choice

d(n) =











1
0
...
0











=: 1((n−M+1),1)(n). (1)

With (1), the problem for finding the minimizing kM (n)
is restated now as

min
k

‖d(n) − Ak‖2 = ‖d(n) − AkM (n)‖2. (2)

For A having full rank and letting ΦM (n) = AtA, we
have

kM (n) = ΦM (n)−1
uM (n). (3)

For least squares applications in signal processing, kM (n)
is the extended gain vector [7, pp. 578-579]. However,
given the special choice (1) for d(n), we see from (3) it
is also the first column to A†, the pseudo-inverse of A.
Hence, with the FTF algorithm explicitly calculating the
extended gain vector, a column of a pseudo-inverse ma-
trix is also calculated. Because the pseudo-inverse can be
a discontinuous function of its perturbations, we have a
cause for concern. In the next section we review theo-
rems that pertain to this area.

3. PERTURBATION BOUNDS

Section 2 motivated attention to focus on one of the four
transversal filters that together are used as the initial stage
to derive the FTF algorithm for solving a least squares
problem in adaptive filtering. To describe the arithmetic
assumed, exact or computer, the terms method and algo-
rithm, respectively, are used [8]. As a method, the FTF
provides usable solutions, however, when implemented
into a computer, its associated algorithm suffers from ex-
plosive divergence. The roundoff errors produced through
computer arithmetic computations cause the theoretical
relationships existing between update parameters to be
lost. This in turn can understandably cause large or small
perturbations to the underlying problem being solved, per-
turbations that can even change its rank. In short, four
related problems are exploited to derive a fast algorithm
whose update parameters only implicitly remain interre-
lated (backward consistent). Computationally, this back-
ward consistency is not guaranteed and when lost the
original four related problems that ultimately produced
the algorithm become unrelated. We can therefore argue
that the roundoff errors will have the effect, in a backward
sense, of perturbing each of these four transversal filters.
As detailed in [4], [3] and [5], this is indeed enough to
demonstrate the divergence of the FTF algorithm. This
reasoning falls short, however, for explaining the explo-
sive nature of the divergence. For this we need to con-
sider the sensitivity of the pseudo-inverse matrix of A to
perturbations in the data matrix A. Although the FTF al-
gorithm does not directly introduce perturbations into the
data matrix, we can consider the computed extended gain
vector k̃M (n) as the exact value corresponding to the so-
lution to (2) with a perturbed matrix Ã.

Formally, we let P and R denote the projection matri-
ces onto the column and row space of A and Ã = A+δA,
δA the matrix of perturbations associated with A having
as projection matrices P̃ and R̃. Then the following def-
inition [9, pg. 139] distinguishes relatively harmless per-
turbations from those which can cause the pseudo-inverse
matrix to behave discontinuously as a function of pertur-
bations made to the original matrix.

Definition 1 The matrix Ã is an acute perturbation of A
if ‖P̃ − P‖2 < 1 and ‖R̃ − R‖2 < 1.

An equivalent criteria for Ã and A to be acute is for
rank(A) = rank(Ã) = rank(PÃ).

In the next subsections, we will consider the effect on
the least squares solution kM (n) in (3) when A is per-
turbed. For the special right hand side vector given in (1),
we must consider the effect of these perturbations when
computing A†.

3.1. Acute Perturbations

In this subsection we will assume that Ã and A are acute.
For perturbations δA small in norm with respect to ‖A†‖2,
the following assures us that the perturbed pseudo-inverse
cannot suffer from explosive growth.



Theorem 1
If rank(Ã†) = rank(A†) = r, and η = ‖A†‖2‖δA‖2 < 1,
then

‖Ã†‖2 ≤ 1

1 − η
‖A†‖2.

For the proof we refer to Björck [10, pg. 26]. The prob-
lems of interest require that A be of full rank, i.e., rank(A)=
M = min((n − M + 1),M). Under this assumption we
find that limδA→0 Ã† = A†. This follows from the fol-
lowing theorem.

Theorem 2 If rank(Ã)=rank(A), then

‖Ã† − A†‖2 ≤
√

2‖Ã†‖2‖A†‖2‖δA‖2.

For the proof we refer to Wedin [11]. We note that the re-
sult holds if, in addition to a acute perturbation, rank(A)
is less than M . The only modification needed is to re-
place the coefficient

√
2 with (1 +

√
5)/2.

3.2. Perturbations that are not acute

The following result is due to Wedin [11].

Theorem 3 If Ã and A are not acute, then

‖Ã† − A†‖2 ≥ 1

‖δA‖2

For rank(Ã) ≥ rank(A), then

‖Ã†‖2 ≥ 1

‖δA‖2
.

As discussed by Stewart and Sun in [9, pg. 140], if the
perturbation δA is sufficient to induce a change in rank
when considering A, then A† can be described as a point
of discontinuity or, in some ways, even a pole. In the
context of perturbations made to A that are from round-
off errors and the resultant breakdown to the relationships
between parameters (backward consistency breakdown),
Theorem 3 tells us that when the extendend gain vector is
perturbed in such a way as to have a significant compo-
nent in the direction of the singular vector associated to
the smallest singular value of Ã, any attempt of the FTF
to reduce the perturbation will necessarily cause kM (n)
to diverge explosively.

4. AN EXACT SOLUTION GIVEN BY K̃M (N)

Since the FTF iteratively computes k̃M (n) with associ-
ated residual r̃M (n) = 1(n−M+1,1)(n)−Ak̃M (n) rather
than the minimal residual rM (n) = 1(n−M+1,1)(n) −
AkM (n)), we might ask for the nearest perturbed prob-
lem (i.e., the perturbation ‖δA‖2 is a minimum) such that
k̃M (n) =
minkM (n)(1((n−M+1),1)(n) − ÃkM (n)).

When the least squares problem (3) is consistent (i.e.,
the right hand side 1(n−M+1,1)(n) is in the column span
of A) we have from Regal and Gaches [12] the rank one
perturbation δÃmin,

δÃmin = r̃M (n)k̃M (n)t/‖k̃M (n)‖2

= r̃M (n)k̃M (n)†. (4)

This result tells us that with respect to the 2-norm, the
nearest least squares problem to (3) that the computed
(extended) gain vector solves exactly is in norm equal to

‖δÃmin‖2 = ‖r̃M (n)‖2‖k̃M (n)†‖2

=
‖r̃M (n)‖2

‖k̃M (n)‖2

. (5)

In general,

‖δÃ‖2 = ‖r̃M (n)‖2‖k̃M (n)‖2

is called the normwise backward error.
From (5) it is possible to get small and large perturba-

tions ‖δÃmin‖2. For example, with a small residual (with
respect to the computed extended gain vector), the re-
sultant perturbation to A can indeed be small. This is
just one possibility. Of importance, however, is 1) when
k̃M (n) relates to Ã with rank different than A, and 2)
‖δÃ‖2 is small. With Theorem 3 it is then easy to see
how ‖kM (n)− k̃M (n)‖2 can become large during a sin-
gle update.

5. THE CONVERSION FACTOR γM (N)

Earlier, we mentioned that Lin [1] along with Cioffi and
Kailath [2] reported that the conversion factor γM (n) ex-
ceeded its theoretical bound just prior to explosive diver-
gence. Considering the first row to (2) we have

1 − uM (n)t
kM (n).

It is this residual that is termed the conversion factor γM (n)
and formally is given as

γM (n) = 1 − uM (n)t
kM (n).

With this we can combine the effects from k̃Mn, an as-
sociated perturbation δA to A that is not acute and The-
orem 3 to describe a scenario explaining why the con-
version factor could be used as a predictor for imminent
explosive divergence of the FTF algorithm.

6. ALGORITHMS EXPLICITLY UPDATING
KM (N)

Given that the FTF algorithm has been modified to the so-
called stabilized FTF algorithm [5], [13] and the problem
of explosive divergence has been apparently solved (how-
ever, to date a proof of its numerical stability is lacking),
these results are nonetheless important since any algo-
rithm that updates the extended gain vector is based upon
a problem that has a potential for catastrophe. If the algo-
rithm generates a computed solution in which the asso-
ciated, or inherent perturbation associated with (2) is not
acute, there is potential for explosive divergence. The fact
that this does not occur only means that the perturbations
associated with (2) remain acute.



7. CONCLUSION

Due to the problem that the FTF algorithm has regarding
consistency, that is, the updated parameters satisfy cer-
tain relationships in exact arithmetic, and these relation-
ships are broken when the computations are performed
in computer arithmetic, the FTF algorithm would be ex-
pected to diverge. However, given Theorem 1 as well as
equations (4) and (5), the divergence would not be ex-
pected to be explosive. To explain this explosive diver-
gence, we considered the well known interpretation of
the extended gain vector kM (n) as the solution to a spe-
cial least squares problem that revealed this vector as a
column to the pseudo-inverse matrix associated with the
data matrix A.

Using established perturbation theory for the pseudo-
inverse matrix we were able to explain why explosive di-
vergence can occur. Additionally, through the connec-
tion between the conversion factor parameter γM (n) and
the extended gain vector kM (n), we showed why this pa-
rameter could be more sensitive to forthcoming explosive
divergence and even used as a predictor to avoid it.
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