_‘J\ Function: Cliplus:-setup - the initialization procedure for the package 'Cliplus
Calling Sequence:

none

Parameters:
| hone

EﬂDemebm
» Procedure 'init' isthe initialization procedure for the 'Cliplus package. It is executed automatically when the package is loaded.

« At thetime of loading, the following macros are defined:

- macro(Clifford:-cmul = Cliplus:-climul) - extends Clifford:-cmul from '‘CLIFFORD’

- macro(Clifford:-cmulQ = Cliplus:-climul) - extends Clifford:-cmul Q from 'CLIFFORD’

- macro("&c” = Cliplus:-climul) - extendsClifford:-"&c” from 'CLIFFORD'

- macro("&cQ" = Cliplus:-climul) - extends Clifford:-"&cQ" from 'CLIFFORD'

- macro(Clifford:-reversion = Cliplus:-clirev) - extends Clifford:-reversion from 'CLIFFORD'
- macro(Clifford:-LC = Cliplus:-L Chig) - extendsClifford:-L C from 'CLIFFORD'

- macro(Clifford:-RC = Cliplus:-RChig) - extends Clifford:-RC from 'CLIFFORD'

» Toseedl environmental vailablesthat are defined and used by 'CLIFFORD', use procedure Clifford:-CLIFFORD _ENV.

 User can change values of these environmental variables by making simple assigments. See below.

EjEkmnMe;

> restart:with(difford):with(diplus):

Ciplus has been | oaded. Definitions for type/clinon and type/clipolynomnow include & and & K]. Type
L ?cliprod for help.

> CLI FFORD_ENV() ;

">>> J obal variables defined in Cifford:-setup are now avail abl e and have these val ues: <<<’

ShkKKKRKKKKKKKRK Gt grt KREKEXKX KKK AKX

dimV =29

_default_difford_product = difford:-cml RS
_prolevel = false

_shortcut_in_mninalideal = true

_shortcut_in_Kfield = true

_shortcut_in_spinorKbasis = true

_shortcut _i n_spi norKrepr = true

_warnings_flag = true

_scal artypes = {conpl ex, constant, function, rational, indexed, nuneric, RootCf, nmathfunc, "'}
_quatbasis = [[1d, e3we2, elwe3, e2wel], { Maple has assigned qgi:=-e2we3, qgj:=elwe3, gk:=-elwe2'}]

Shkkkkokkokokkokkx ok End dkkkkkkkkkkxk

*>>> J obal variables defined in Ciplus:-setup are now avail abl e and have these val ues: <<<’
Shkkkokkkokkokkx ok Start dkkkkkkkkkkxk®

macro(Cifford:-cnul = climul)
macro(Clifford:-cnmul Q = climul)
macro( & = climl)

macro( & Q = clinmul)

macro(Clifford:-reversion = clirev)

macro(Clifford:-LC = LChig)

macro(Cifford:-RC = RChig)

“Warning, new definitions for type/clinon and type/clipolynom now include &C

ShkKKKXKRKKKKKRKX Epng KAIK KKK R AR KKK

Shkkkkkkkokk ok ok x ok Start dkkkkkkkkkkxk

*>>> There are no new gl obal variables or macros in GIP yet. <<<’
Shkkkkkkkokkokkx ok End dkkkkkkkkkkxk®




">>> J obal variables defined in Cctonion:-setup are now avail abl e and have these val ues: <<<

ShkKKKRKKKKKKKRK Gp grt KREKEEKR KKK AKX

_octbasis = [1d, el, e2, e3, e4, e5 e6, e7]

_pureocthasis = [el, e2, e3, e4, e5, e6, e7]

_default_Fano_triples = [[1, 3, 7], [1, 2, 4], [1, 5, 6], [2, 3, 5], [2, 6, 7], [3, 4, 6], [4, 5 T7]]
_default_squares = [-1d, -1d, -1d, -Id, -l1d, -1d, -1d]

_default_difford_product = difford:-cnmul NUM

ShkKKKRKRKKKKKRKX Epng KAIK KKK R AR KKK

[ >

[ >
L[>
ﬂ See Also: Cliplus:-L Chig, Cliplus:-clirev, Cliplus:-climul, Clifford:-minimalideal, Clifford:-Kfield, Clifford:-spinorKbasis,
Clifford:-spinorKrepr, Clifford:-"type/cliscalar’, Clifford:-rmulm, Clifford:-gmul, Clifford:-wedge, Clifford:-cmul Q, Clifford:-cmul

(c) Copyright October 8, 1995, by Rafal Ablamowicz & Bertfried Fauser, al rights reserved.
| Last modified: November 5, 2002, RA/BF.




_‘J\ Function: Cliplus:-'dwedge’, Cliplus:-'&dw" - Gralimann wedge product for a different filtration

Calling Sequence:

¢l := dwedge[K](pl,p2,....pNn)
cl := &dw[K](p1,p2,...,pn)

Parameters:

e pl,p2,...,pn - Clifford polynoms (elements of one of these types: “type/clibasmon’, “type/climon’, “type/clipolynom)

» K - index of type name, symbol, matrix, array, or “&* " (numeric,{ name,symbol,matrix,array})
Output:
e ¢l : aClifford polynom

ﬂ Description:

 The dotted-wedge (dwedge) accompanies the Gralimann wedge product, but differsin its graduation. In fact both products are
isomorphic as exterior products, but relay on different filtrations. The dotted wedge product and the undotted one are related by
the process of cliffordization which is used in CLIFFORD internally to compute the Clifford product in CI(V,B). However, the
cliffordization is performed in this case by an antisymmetric bilinear form B=F, say F(x,y)=-F(y,x),where x and y are 1-vectorsin
V.

 Procedure 'dwedge' requires one index of type name, symbol, matrix, array, "&* " (numeric,{ name,symbol,matrix,array} ). When
theindex isamatrix or an array, it must be antisymmetric.

* |t can be shown that the Wick-theorem of normalordering, well known in QFT and many particle QM, is exactly described by this
process.

» While being isomorphic as Gral3mann algebras and hence beeing interchangeable, the difference becomes important when further
structures are considered. For example, when a Clifford algebrais build over the space of this differently graded Gral3mann
algebra, or when quantum deformations are modeled within an undeformed Clifford algebra, etc..

» The dotted wedge is awrapper function which actually uses “convert/wedge to_dwedge” and “convert/dwedge to wedge' to map
between the two basis sets. Thisis possible since the new Gral3mann algebrais a cliffordized Gral3mann algebraw.r.t. abilinear
form F as stated above.

» The ampersand version of this procedureiscalled “&dw’.

* NOTE: Til now both types of algebras are expanded (formally) over the same basis Grassmann monomials which, according to
CLIFFORD's convention, are written as eiwg... . It isthe responsibility of the user to keep track which type of wedge he/sheis
using and which expression is based on which exterior product, dotted or undotted. It isagood idea it to assign such expressions
to adescriptive |hs, see below.

* References.
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Robotics", Eds. Eduardo Bayro-Corrochano and Garret Sobczyk, Birkhduser, 2002.

[2] Ablamowicz, R. and Bertfried Fauser: “On the decomposition of Clifford algebras of arbitrary bilinear form”, Rafal
Ablamowicz and Bertfried Fauser, in “Clifford Algebras and their Applicationsin Mathematical Physics’, Eds. Rafal
Ablamowicz and Bertfried Fauser, Vol. 1: Algebraand Physics, Birkh&user, Boston, 2000, pages 341--366 (see also
http://www.birkhauser.com/cgi-win/isbn/0-8176-4182-3).
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Birkh&user, Boston, 1996 (ISBN 0-8176-3907-1).

ﬂ Examples:

> restart:with(difford):with(diplus);

Ciplus has been | oaded. Definitions for type/clinon and type/clipolynomnow include & and & K]. Type
?cliprod for help.

L [ LCbig, RChig, clibasis, clieval, cliexpand, climul, clirev, dottedcbasis, dwedge, makeclialiases]

[ Example 1. Simple examplesfirst:

[ > dwedge[ K] (el+2*elwe3, e4+3*elwe?2);

dwedge[ - K] (el+2*elwe3, e4+3*elwe?2);

&AW el+2*elwe3d, e4+3*elwe?); #default index in "&Iw is F

&AW - F] (el+2*elwe3, e4+3*elwe?2);
elwe4 +2 elwe3wed —(—K, , +6K, 5K, ,)Id 6K, ,elwe3 6K, ;elwe2 (-2K,,+3K ,)el 2K, ,e3
elwed +2 elwedwed —(K, , +6K, K, ,) Id +6 K, ,elwe3 +6K, jelwe2 H-2K,,+3K ,)el 2K, ,e3
elwe4 +2 elwe3wed —(-F, , +6F, ;F, ,)Id -6F, ,elwe3 6F, ;elwe2 (-2F,,+3F, ,)el 2F ,€3

| elwed + 2 elwedwed —(F, ,+6F, ;F, ,)Id +6F, ,elwe3 +6F, ;elwe2 {-2F; ,+3F, ,)el 2F, ,€3
[ >
[ Example 2: Observe that conversion from the undotted wedge basis to the dotted wedge basis using antisymmetric form F and
'dwedge[F]' are related through the following identity:

convert(elwe2w...wen,wedge to_dwedge,F) = dwedge[F](el,€2,...,en)

L which can be shown asfollowsindim_V <=5:
[> F:=array(1..9,1..9,antisynmetric):
[ > ##when dimV = 2:
simplify(dwedge[ F] (el, e2) =convert (wedge(el, e2), wedge_t o_dwedge, F));
elwe2 +F, ,ld=elwe2 +F, , Id
[ > ##when dimV = 3:
sinmplify(dwedge[ F] (el, e2, e3) =convert (wedge(el, e2, e3), wedge_t o_dwedge, F));
elwe2we3 +F, ;el -F, ;e2 +F, ,e3 =elwe2we3 +F, ;el -F, ;€2 +F, , €3
[ > ##when dimV = 4:
sinmplify(dwedge[ F] (el, e2, e3, e4) =convert (wedge(el, e2, €3, e4), wedge_t o_dwedge, F));
elwe2we3wes +F, ; elwed +F, ;F, ,1d -F, ;e2wed —F, ;F, ,Id +, ,e3wed + ,F,,I1d F,, elwe3 +, ,e2we3
+F; , elwe2 = elwe2wedwed +F, ;elwed +F, . F, ,I1d -F, ;e2wed -F, ;F, ,1d +F, ,e3wed +, ,F;,Id

| -F, ,elwe3 +F, , e2we3 +F; , elwe2

[ > ##when dimV = 5:

sinmplify(dwedge[ F] (el, e2, e3, e4, e5) -convert (wedge(el, e2, e3, e4, e5), wedge_t o_dwedge, F));
0

>
[ Example 3: Operation 'dwedge' is associative with Id as a unit:
[ > dwedge[ F] (dwedge[ F] (el, e2), e3);
dwedge[ F] (el, dwedge[ F] (e2, e3));
elwe2we3 +F, ; €l -F, ;€2 +F, , €3
| elwe2we3 +F, ; el -F, ;€2 +F, , €3
[ > dwedge[ F] (dwedge[ F] (el, e2we3), e4);
dwedge[ F] (el, dwedge[ F] (e2we3, e4)); B %
-F, ;e2we4 +F, , e3wed +elwewedwed +(-F, ;F, ,+F, ,F;,)1d F, , elwe3 +, ,e2we3 +; , elwe2
-F, ;e2we4 +F, , e3wed +elwewedwed +(-F, ;F, ,+F, ,F;,)1d F, ,elwe3 +, ,e2we3 +; , elwe2
L 0
> dwedge[ F] (dwedge[ F] (el, e2we3), ed4web) ;
dwedge[ F] (el, dwedge[ F] (e2we3, edweb) ) ; %Wb %




F, 4 €2we3we5 +F; , elwe2web +F, ; elwedwed +(-F, ;F, ,+F, ,F;,) €6 —F, ;e2wedweS +F, , e3wedwed
- F, s e2we3wed —F; ; elwe2wed +elwe2wedwedwed —F, , elwedwed H-F, ,F; 5 +F; 4 F, 5) el
- (_F1,3 Fos+Fio F3,5) ed +(F1,4 Nl Fl,S) €2 _(F1,4 Fos=Fa4 Fl,S) €3

F, ,€2we3we5 +F, , elwe2we5 +F, ; elwedwed +(-F, ;F, , +F; ,F; ,) €5 -F; ;e2wedwes +, , eBwedwed
- F, 5 e2we3wed —F, ; elwe2wed +elwe2wedwedwes —F, , elwedwed H-F, ,F; 5 +F; ,F, ) el
- (_F1,3 Fos+Fio F3,5) ed +(F1,4 Rl Fl,S) €2 _(F1,4 Fos=Fa4 Fl,S) €3

L 0
[ Finaly, for some arbitrary random Clifford polynomials expressed in Grassmann undotted basis:
[ > u: =2+el- 3*e2we3+edwebweb:
v: =3-4*elwe2we3+e7:
z: =4- 2*e3wed+e5web- e8:
> dwedge[ F] (1d, u)=u; #unity
dwedge[ F] (u, 1 d) =u;
edwebweb +2 1d -3 e2we3 +el =2 + el —3 e2we3 +edweSweb
edwebweb +2 1d -3 e2we3 +el =2 + el —3 e2we3 +edweSweb
> dwedge[ F] (dwedge[ F] (u, v), z) : #associ ativity
dwedge[ F] (u, dwedge[ F] (v, 2)) : %86 %
L 0
[ We also have the following Commutative Diagram 5: Wedge in undotted and dwedge in dotted bases:

wedge(u,v) = convert(dwedge(convert(u,wedge to dwedge,F),convert(v,wedge to_dwedgeF)),dwedge to wedge,-F)

| which we show asfollows:
[ > uu: =convert (u, wedge_t o_dwedge, F); #u converted to dotted basis
vv: =convert (v, wedge_t o_dwedge, F); #v converted to dotted basis

ui:=21d+el -3e2we3 -3F, , Id +edweSwes +, 4 F, 65 F, €6

w:=3ld-4elwe2we3 -4F, ;el +4F ,e2 -4F, ,e3 +e7

[ > out 1: =dwedge[ F] (uu, vv): #dwedge conputed w.r.t. F

[ > out2: =convert (outl, dwedge_t o_wedge, -F); #previous result converted back to undotted
basi s

out2 := 4 elwe2we3wedwedbweb + elwe7 —9 e2we3 +edwedbwebwe?/ -3 e2wedwe? +2 e/ -8 elwe2we3 8 edwebweb

+61d +3el
[ > out 3: =wedge(u, v); #direct conputation of the wedge product in undotted basis

out3 := 4 elwe2we3dwedwebweb + elwe’/ —9 e2we3 +edwedbwebwe?/ -3 e2wedwe’/ +2 e/ -8 elwe2we3 8 edwebweb

| +6I1d +3€l
[ > out 2-out 3; #the sane results!

0
[ >
[ Example 4: (Dotted and undotted wedge bases) First we expand the basis of the original wedge into the dotted wedge and back.
For this purpose we choose dim_V=3 and consider CI(C,B) where the antisymmetric part of B is denoted by F (and its negative by
| FT), while the symmetric part of B is denoted by g.
> dimV: =3:

F:=array(1..dimV, 1. .dimV, anti symetric):

g:=array(1..dimV,1..dimV,symetric):

B: =eval n( g+F) :

FT: =eval m(-F):

F, FT = eval n(F), eval m(FT);

g, B = eval m(g), eval m(B);

w_bas: =cbasi s(di m_V); ## the wedge basis




FFT=|-F, 0 FaliF, 0 -Fy
“Fis “Fps O Fis Fas 0
9.1 Y92 Y13 911 Gi2tFi2 G3tFis
9B=|%12 %2 %s}|%2"Fi> 9.2 %,3*tFas
915 %3 953l Os Fis 93 Fas 933

w_bas:=[ld, el, €2, €3, elwe2, elwe3, e2we3, elwe2we3 ]
[ Now we map the convert function onto this basis to get the dotted-wedge basis (and back to test that this device works properly)
> d_bas: =nap(convert, w_bas, wedge_t o_dwedge, F);

t est _wbas: =map(convert, d_bas, dwedge_t o_wedge, - F);

d_bas:=[ld, el, €2, €3, elwe2 + F, , Id, elwe3 + F, ;1d, e2we3 +F, ; Id, elwe2we3 + F, ; €l -F, ;€2 +F, , €3]

test whas:=[Id, €1, €2, €3, elwe2, elwe3, e2we3, elwe2we3]
" Note that only the scalar Id and the one vector basis elementsei are unaltered and that the other basis elements of higher grade
pick up additional terms of lower grade (which preserves the filtration).

Itis possible to define aliases for the dotted wedge basis "monomials’ similar to the Grassmann basis monomials used by

| 'CLIFFORD'. For example, we could denote the element elwe2 + F[1,2]*Id by elde2 or e1We2, and smilarly for other elements:
> alias(elW2=elwe2 + F[1,2]*Id,
elWe3=elwe3d + F[1, 3]*Id,
e2We3=e2we3 + F[ 2, 3] *Id,
elVe2We3=elwe2we3+F[ 2, 3] *el- F[ 1, 3] *e2+F[ 1, 2] *e3);

elWe2, elWe3, e2We3, el\We2\We3
[ and then Maple will display automatically dotted basisin d_basin terms of the aliases:
> d_bas;

[Id, el, €2, €3, elWe2, e1We3, e2We3, e1We2We3]
" While command ‘chasis displays basis elements in the Grassmann basis by default, it is not difficult to write a new procedure that
would display the dotted basis instead. For example, procedure 'dottedbasis' returns such basis. Since we have defined aliases
| above, output from 'dottedcbasis' will be automatically converted to aliases:
[ > dottedcbasi s[F](3);
L [Id, el, €2, €3, elWe2, e1We3, e2We3, e1We2We3]
[ > dottedchasi s[F](3,"'even');
L [1d, elWe2, elWe3, e2We3]
[ > dottedchbasi s[F] (3, 2);

[ elWe2, elWe3, e2We3]
© With the procedure 'findbasis which returns linearly independent elements from alist, we can verify that the above lists contain
_ linearly independent elements:
> findbasi s(dottedcbasis[F](3));
L [1d, el, €2, €3, elIWe2, e1We3, e2We3, e1We2We3]
[ > findbasi s(dottedcbhasis[F](3,"even'));
L [1d, elWe2, elWe3, e2We3]
[ > findbasi s(dottedchasis[F](3,2));
L [ elWe2, elWe3, e2We3]
[ >
[ Example 5: (Commutative Diagram 1: Contraction in dotted and undotted bases) The contraction w.r.t. any bilinear form
works on both sets in the same manner which can be seen if we re-convert the dotted-wedge basis after the computation into the
wedge basis. In areasonable setting, the antisymmetric bilinear form F would be the antisymmetric part of B. To read more about
the left contraction LC in CI(B), go to the help page for LC or see[1, 2, 4]. Toillustrate this fact, we first compute left contraction
| by el of every element in the standard Grassmann wedge basis w_bas with respect to the entire form B:
> 'w_bas' =w _bas; #standard G assmann wedge basis in C (B)
L w_bas=[1d, el, €2, €3, elwe2, elwe3, e2we3, elwe2we3]
> w_wout : =map2(LC, el, w_bas, B) ; #l eft contraction LCin C(B) wwt. B in wedge basis

w_wout :=[0, 01 Id, (91,2 +qu2) Id, (91,3 +F1'3) Id, glqlez ‘(91,2 +qu2) el, gl’1e3 —(91’3 + F1,3) el,




L (9,,,+F;,)e83-(9,3+F; 3) €29, ,e2we3 (g, , +F, ,) elwe3 +(g, ; +F, ;) elwe?]

[ Next, we compute left contraction by el of every element in the dotted wedge basis d_bas with respect to the entire form B. Recall
| from the above that conversion from the wedge basis to the dotted wedge basis used the antisymmetric part F of B:
> 'd_bas' =d_bas; #dotted wedge basis in C (B)

d bas=[ld, el, €2, €3, elWe2, e1We3, e2We3, elWe2We3]
M > w_dout 1: =map2(LC, el, d_bas, B); #l eft contraction LCin C(B) wwt. Bin dotted wedge
basi s

w_doutl :=[0, 01 Id, (91,2 + F1,2) Id, (91,3 + F1’3) Id, g, ,€2 ‘(91,2 + F1,2) el, g ,e3- (91,3 + F1'3) el,

(91,2 tF;2)€3-(9;5+F; 5) €2,
g, ,€2we3 - (g, , +F; ,) elwe3d +(g, ; +F, ;) elwe2 +F, ;g, ,I1d —F, ;1dg, , #,,1dg, 5]
[ Notice that in the above coefficients of g, the symmetric part of B, are mixed with the coefficients of the antisymmetric part F of
B. To remove the F coefficients, we need to convert back the above result to the un-dotted standard Grassmann basis using the
| negative -F, that is, the negative of the antisymmetric part of B in the conversion process:
[ > w_dout: =map(convert, w dout 1, dwedge_t o_wedge, - F) ; #converting back to undotted basis
w_dout :=[0,9,,!d,1dg, ,+F, ,Id,1dg, ;+F, ;Id, g, ,€2-€elg, , -€lF, ,0,,€3-¢€lg, ;—€lF,

e3g, ,+F, ,e83-e2g, ; -F, ;€2,9,, e2we3 —elwe3 g, , —elwe3 F, , +elwe2 g, , +elwe2 F, ;]
r> map(si nplify,w dout-w wout);
L [0,0,0,0,0,0,0,0]
[ >
[ This computation shows clearly the isomorphy between both pictures. To show that the new structure is nevertheless valuable for
other reasons, we proceed with Clifford products.

r Example 6: (Commutative Diagram 2: Clifford product in dotted and undotted bases) We can build a Clifford algebra Cl(B)
over each basis set, that is, w_wout or w_dout, but with different bilinear forms: when B=g and when B=g+F (following notation
| from [1, 2, 4]), where g isthe symmetric part of B and F is the antisymmetric part of B:
> B, g, F=eval m(B), eval m(g), eval n(F); #previously defined

911 O12tFi2 G a*tFis| |01 G2 Gis 0 Fio Fuis
B,g,F=|0."Fi> 9,2 Bs*Fos)|%2 %2 G| Fiz 0 Fug
L O35 Fis O3~ Fas 933 O3 %3 Y3l Frs “Fo3 O
[ Let us compute some such Clifford products using the facility of cmul to take a bilinear form (here in matrix form) asindex. We
L will show an example with the following two elements:
[ > w_pl: =elwe?2;

w_p2: =a*e3+b*e2we3;
w_pl = elwe2
w_p2:=ae3+be2we3

" We can then define Clifford product ‘cmulg’ with respect to the symmetric part g, and another Clifford product ‘cmul B' with
| respect to the entire form B:
> cmul g: =proc() RETURN(cnul [g] (args)) end:
. cmul B: =proc() RETURN(cnul [ B] (args)) end:
[ Thus, we are ready to perform computations around our commutative diagram.

First, we compute Clifford product cmul[g] in CI(g), that is, with respect to the symmetric part g of the bilinear form B, of the two
| above defined elementsw_p1 and w_p2 expressed in undotted Grassmann basis.
> w outl:=crul g(w_pl,wp2); ## difford product w.r.t. g in C(g) in wedge basis
w_outl := aelwe2we3 +b (g, ,0; 30,30, ,) Id +bg, ,elwe3 -bg, ,e2we3 -bg, ;elwe2 +ag, ;el -ae2g, ;
[ Now, we convert each element p1 and p2 to the dotted wedge basis:
> d_p1l: =convert (w_pl, wedge_t o_dwedge, F);

d_p2: =convert (w_p2, wedge_t o_dwedge, F); #i nconplete conversion to elW2, etc. basis

d pl:=elWe2
d_p2:=ae3+be2we3 +bF, ;1d

[We now compute the Clifford product of d_pl and d_p2 in CI(B) in the dotted wedge basis:
> d_outl:=cmul B(d_pl,d p2); ## Cifford product wr.t. B=g+F in O (B) in dwedge basis




d outl:=aelwe2we3 —b (gz, 3F1270,2013 0, ,F1 3 ¥0,30,, tF, 5 91,2) Id +b g, , elwe3 -b g, , e2we3

—bgzvselwez +a(gzv3 + F2,3) el —a(gL3 +F1,3) e2 +F, ,aed

E We now convert the above result back to the un-dotted wedge basis:

[ > w_out 2: =convert (d_out 1, dwedge_t o_wedge, -F); ## convert result dwedge-> wedge

| w_out2 := aelwe2we3 +bldg, ,9, ; ~bldg, ;0, , +bg, ,elwe3 -bg, ,e2we3 by, ;elwe2 4ag, el ae2g, ;
[ Finally, we show that this result is the same as before when we computed Clifford product of pl and p2 in CI(g):

> sinmplify(w_outl-w out?2); ## show equal ity !

L 0

[ >
[ This shows (one can prove this) that the Clifford algebra Cl(g) of the symmetric part g of B using the undotted exterior basisis
isomorphic, as an associative algebra, to the Clifford algebra CI(B) of the entire bilinear form B = g + F spanned by the dotted
wedge basis if the antisymmetric part F of B is exactly the same F asis used to connect the two basis sets (cf. [1, 2, 4]).

[ Example 7: (Commutative Diagram 3: Reversion in dotted and undotted bases) We proceed to show that the expansion of
the Clifford basis elementsinto the dotted or undotted exterior products has also implications for other well known operations
such as e.g. the Clifford reversion. Only if the bilinear form is symmetric, we find that the reversion is grade preserving, otherwise
| it reflects only thefiltration (i.e. isin general a sum of terms of the same and lower degrees).

> reversion(elwe?2, B); #reversion with respect to B

reversion(elwe2,g); #reversion with respect to g (classical result)

-2F, ,1d —elwe2

L —elwe2

[ Observein the above that only when B[1,2]=B[2,1], the result is -elwe2 known from the theory of classical Clifford algebras.
| Likewise,

[ > cbas: =cbhasi s(3);

L chas:=[1d, €1, €2, €3, elwe2, elwe3, e2we3, elwe2we3]

[ > map(reversion, chas, B);

[1d, el, e2,€e3,-2F, ,1d —elwe2, -2 F, ;Id —elwe3, -2 F, ;1d —e2we3, —-elwe2we3 -2 F, ;el +2F, ;e2 -2F, , €3]

E If instead of B we use a symmetric matrix 'g' defined above, we obtain instead
[ > map(reversion,chas, g);

L [1d, €1, €2, €3, —elwe2, —elwe3, —e2we3, —elwe2we3]
[ Convert now elwe2 to the dotted basis and call it e1We2:

[ > convert (elwe?2, wedge_t o_dwedge, F);

elwe2

E Apply reversion to elWe2 with respect to F to get the reversed element in the dotted basis:
[ > reversed_elWe2: =reversi on(elWe2, F);

| reversed_elWe2 := -F, , Id —elwe2
[ Observe, that the above element is equal to the negative of elWe2 just like reversing elwe2 with respect to the symmetric part g

| of B:
[ > reversed _elWe2+elWe2;

L 0
[ Finally, convert reversed_elWe2 to the un-dotted standard Grassmann basis to get -elwe2:
[ > convert(reversed_elW?2, dwedge_t o_wedge, - F);

L —elwe2
[ The above, of course, can be obtained by applying reversion to elwe2 with respect to the symmetric part of B:
[ > reversion(elwe?2,g); #reversion with respect to the symetric part g of B

—elwe2

[ This shows that the dotted wedge basisis the particular basis which is stable under the Clifford reversion computed with respect to
F, the antisymmetric part of the bilinear form B. This requirement allows one to distinguish Clifford algebras Cl(g) which have a
symmetric bilinear form g from those which do not have such symmetric bilinear form but a more general form B instead. We call
the former classical Clifford algebras while we use the term quantum Clifford algebrasfor the general
non-necessarily-symmetric case.

( Example 8: It is easy to write awrapper for the Graldmann co-product too. Since the co-product & gco makes essential use of the



decomposition of elementsinto one-vectors, we expect that the dotted-Gral3mann co-product will depend on F, that is, then
antisymmetric part of B. First we have to load Bigebra package.

NOTE: &gco_d computes the dotted Gralmann co-product in the undotted wedge basis! (The Grafl3mann co-product on the dotted
wedge basis w.r.t. the dotted wedge basis is according to the isomorphy theorem for those algebrasidentical to the original
Gral3mann co-product).

r> wi t h(Bi gebra);

I ncrease verbosity by infolevel[ function ]=val -- use online help > ?Bigebra[ hel p]

[ &cco, &gco, &gco_d, &gco_pl, &map, &v, EV, VERSON, bracket, contract, drop_t, eps, gantipode, gco_unit, gswitch,

hodge, linop, linop2, lists2mat, lists2mat2, make BI_Id, mapop, mapop2, meet, op2mat, op2mat2, pairing, peek, poke,
L remove_eq, switch, tcollect, tsolvel]
[> w_pl: =elwe?;
w_p2: =&gco_d(w_p1l);
w_pl = elwe2
w_p2:=(ld&telwe?) +F, , (Id&tld) +(el &te2) —(e2&tel) +Helwe2 &tld)

E The following examples compose the dotted co-product with dotted and undotted wedge (acting on awedge basis!!)
[ > dwedge[ F] (el, e2);
dwedge[ F] (el, e2, e3) ;

elwe2
L elWe2We3
[ Wethen substitute "&dw™ and “&w" for the tensor product sign “&t™ and evaluate. We will show the results sided by side for easier
| comparison:
[ > subs( & = &dJw , &yco_d(I1d));sinmplify(%;
subs( & =" &wW , &gco_d(1d));sinplify(%:
Id &dw Id
Id
Id&w Id
L Id
[ > subs( & = &dJw , &gco_d(el));sinmplify(%;
subs( & "= &w , &gco_d(el));sinmplify(%;
(ld &dw el) + (el &dw Id)
2el
(ld&wel) + (el &w Id)
L 2el
[ > subs( & = &dJw , &gco_d(e2));sinmplify(%;
subs( & =" &w , &gco_d(e2));sinmplify(%;
(Id &dw €2) + (€2 &dw Id)
2e2
(ld &w e2) + (e2 &w Id)
L 2e2
[ > subs( & = &Jw , &gco_d(elwe2));sinplify(9;
subs( & =" &wW , &gco_d(elwe2));sinmplify(%;
(1d &dw elwe2) +F, , (Id &dw Id) +(el &dw e2) —(e2 &dw el) +elwe2 &dw Id)
4elwe2 +3F, ,1d
(ld&welwe?) +F, , (Id&wld) +(el &we2) —(e2&wel) +Helwe2 &w Id)
| 4elwe2 +F, ,1d
[ > subs( & = &Jw , &gco_d(elwe3));sinplify(N;
subs( & =" &w , &gco_d(elwed));sinmplify(%;

(1d &dw elwe3) +F, ;(Id &dw Id) +(el &dw e3) —(e3 &dw el) +elwe3 &dw Id)
4elwe3 +3F, ;1d




(ld&welwe3) +F, ;(ld&wld) +(el &we3) —(e3&wel) Helwe3 &w Id)
4elwe3 +F, ;1d

T> subs(" & ="&w , &gco_d(e2we3)): sinmplify(%;

subs(" & =" &w , &gco_d(e2we3));sinmplify(9N;

(1d &dw e2we3) +F, , (1d &dw Id) +(e2 &dw e3) —(e3 &dw €2) +(e2we3 &dw Id)
4e2we3 +3F, ,1d
(ld&we2we3) +F, ;(Id&wld) +(e2&w e3) —(e3 &w €2) +e2we3 &w Id)

] 4e2we +F, ,1d
[ > subs( & =" &JIw , &gco_d(elwe2we3d));sinmplify(%;

subs( & =" &w , &gco_d(elwe2we3));sinmplify(%;

(1d &dw elwe2we3) +F, ; (Id &dw el) —F, ; (Id &dw €2) +F, , (Id &dw e3) H(el &dw e2we3) +, ; (el &dw Id)
- (e2 &dw elwe3) —-F, ; (€2 &dw Id) +(elwe2 &dw e3) +(e3 &dw elwe2) +, ,(e3&dwld) elwe3 &dw €2)
+ (e2we3 &dw el) +(elwe2we3 &dw Id)
8elwe2we3 +6F, ;el -6F, ;2 +6F, ,€3
(I1d &w elwe2we3) +F, ; (Id&wel) -F, ; (Id&we2) +F, , (Id&w e3) +el &w e2we3) +, (el &wId)
—(e2&welwel) -F, ;(e2&wId) +(elwe2 &w e3) +He3&welwe2) +, ,(e3&wld) «{elwe3&w e2)
+(e2we3 &w el) +(elwe2we3 &w Id)
8elwe2wed +2F, el -2F, ;€2 +2F, , €3

" Itisof utmost importance, that in these calculations we find that the usual loop tangle mult \citc Delta { mult} which come up witr
the dimension of the spaces involved fails here. This might have an strong impact on the renormalization theory in QFT.

Note however, that if we do everything in the same algebra we end up with the correct factor 2*(grade_of x) for the dotted
| bi-vector elwe2:
> d_pl: =&gco_d(dwedge[ F] (el, e2));
| d_pl:=(ld&telwe2) +2F, ,(ld&tld) +(el &te2) —(e2&tel) +Helwe2 &tld)
[ > drop_t (&map(d_pl, 1, dwedge[ F]));
| 4elwe2 +4F, ,Id
[ > d_p2: =convert (% wedge_t o_dwedge, F); #cones up with the factor 4 in the dotted basis
"d_p2' =-4*reversion(elwe?);
d_p2:=4elwe2 +8F, ,Id
d_p2=4elwe2+8F, ,Id

[ >
[ >

ﬂ See Also: Bigebra:-"&gco’, Bigebra:-"& cco’, Bigebra:-&t", Bigebra:-drop_t, Bigebra:-"& map’
(c) Copyright October 8, 1995, by Rafal Ablamowicz & Bertfried Fauser, al rights reserved.
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_‘J\ Function: Cliplus:-clibasis - define a Clifford basis consisting of Clifford monomiasin the Clifford algebra CI(V)

Calling Sequence:
clibasis(n);
clibasig[K](n);
clibasis(n, k);
clibasig[K](n, k);
clibasis(n, 'even’);
clibasigK](n, 'even’);
Parameters:

n - dimension of therea vector space V where0<=n<=9
k- thek-thgrade, O<=k<=n
| K - (optional) index of type name, symbol, matrix, array, or “&**(numeric,{ name,symbol ,matrix,array})

ﬂ Description:

 Procedure 'clibasis writes a Clifford basis given in terms of Clifford monomials for a Clifford algebra ClI(V) over areal vector
space V endowed with abilinear form B, when no optional index is used, or the index specifiesthe form. The dimension of V
is specified as the first argument while the bilinear form may be specified asindex.

* |t si possible to specify anumeric multiple of the form asin clibasig[-K](n), etc.
* When index is not used, B is the default form used.

» The procedure can be used with one or two arguments. When used with one argument n, it returns an ordered list of all basis
elementsin the Clifford algebra CI(V) wherethedimension of V is n. When used with two arguments n and k, it returnsa
list of basis elementsin the k-vector subspace of CI(V).

» The basis elements are given in terms of theinert form "&C" or "& C'[K] of the Clifford product. To evaluate, use Cliplus:-clieval.
* Toseeabasisfor CI(V) givenin terms of Grassmann monomials, use chasis.
« Anoption 'even’ alows one to create a basis in the even subalgebra of the Clifford algebra CI(V).

» The basis elements can be aliased, e.g., 'el & C €2' can be aliased as '€12' with the procedure 'Cliplus:-makealiases]'. See
Cliplus:-makeclialiases for more help.

* When n=0then [Id] is returned.

E] Examples:

> restart:with(difford):with(diplus);
Ciplus has been | oaded. Definitions for type/clinon and type/clipolynomnow include & and & K]. Type
?cliprod for help.

L [ LCbig, RChig, clibasis, clieval, cliexpand, climul, clirev, dottedcbasis, dwedge, makeclialiases]

[ Grassmann basis for CI(3):

[ > CGbasi s: =cbhasi s(3);

L Ghbasis:=[1d, el, €2, €3, elwe2, elwe3, e2we3, elwe2we3]

[ Grassmann basis can be expressed in term of the Clifford basis by using procedure 'cliexpand’:

> map(cliexpand, Ghasi s);

[
Id, el,e2, €3, (el&Ce2) -B, ,1d, (el &Ce3) -B, ;1d, (e2&Ce3) -B, ;1d, &C(el, €2, e3) - B, ;€1 +B, ;€2 -B, , €3
]

E Using optional argument in ‘cliexpand’, we can convert Grassmann basisto Clifford basisin CI(K):
> map(cliexpand, Goasi s, K);

[1d, e1, €2, €3, &C,(€l, 2) - K, , 1d, &C, (€L, 3) =K, ,1d, &C, (€2, 3) — K, , Id,
&C(el, €2, €3) - K, jel +K, ;€2 K, , €3]

E Using optional argument in ‘cliexpand', we can convert Grassmann basis to Clifford basisin Cl(-K):
> map(cliexpand, Gasi s, -K);

[1d, el, €2, €3, &C_ (€L, €2) +K, , Id, &C_ (€L, €3) +K, ,1d, &C_ (€2, e3) +K, , Id,




| &C, (el e2 3) +K, ;el -K, ;€2 +K, , €3]
[ >

[ Clifford basisfor CI(B) whendim_V =3:

[ > dimV:=3: #dinension of V

[ > L1:=clibasis(dimV); #non-i ndexed basis in C (V, B)
L2: =cl i basi s[B] (di m_V); #i ndexed basis in C (V, B)
L3: =cli basi s[K] (di m_V); #i ndexed basis in d (V, K

L4: =cl i basis[-K] (dimV); #i ndexed basis in C(V,-K)
L5: =cli basi s[-2*K] (di m_V); #indexed basis in d (V,-2*K)
L1:=[ld,el,e2,e3,el1&Ce2, el &Ce3,e2&Ce3, &C(el, €2, €3)]
L2:=[Id, el, e2, €3, &Cy(el, €2), &Cy(el, e3), &Cy(e2, €3), &Cy(€l, €2, €3)]
L3:=[Id, el, e2, €3, &C,(€el, e2), &C,(€l, e3), &C, (€2, €3), &C,(€el, €2, €3)]
L4:=[Id, el, e2, €3, &C_ (el, €2), &C_.(el, e3), &C_, (€2, €3), &C_.(€el, €2, €3) ]
| L5:=[Id, el, e2, €3, &C_, (el, €2), &C_, (€1, €3), &C_, (€2, €3), &C_, (€1, €2, €3) ]
[ Clifford basis can be expressed in terms of the Grassmann basis by using procedure ‘clieval”:
> L11: =map(clieval, Ll);
L22: =map(clieval, L2);
L33: =map(clieval, L3);
L44: =map(clieval, L4);
L55: =map(clieval, L5);
L11:=[ld, el, €2, €3, elwe2 + B, , Id, elwe3 + B, ; Id, e2we3 + B, ; Id, elwe2we3 + B, ; el —B, ;€2 +B, , €3]
L22:=[ld, el, €2, €3, elwe2 + B, , Id, elwe3 + B, ; Id, e2we3 + B, ; Id, elwe2we3 + B, ; el —B, ;€2 +B, , €3]
L33:=[1d, el, €2, €3, elwe2 + K, , Id, elwe3 + K, ; Id, e2we3 + K, ; Id, elwe2we3 + K, ; el =K, ;€2 +K, , €3]
L44:=[1d, el, €2, €3, elwe2 - K , Id, elwe3 - K, ; Id, e2we3 - K, ; Id, elwe2we3 - K, ; el +K, ;€2 -K, , €3]

| L55:=[ld, el, e2 e3, elwe2 - 2K, , Id, elwe3 - 2K, ; Id, e2we3 - 2K, ; Id, elwe2we3 - 2K, ; €l +2K, ;€2 2K, , €3]
[ Clifford basis for the even subalgebra of Cl(3), that is, when dim_V = 3 and B = B (default), K, or -K:
[ > clibasis(3,"even);
clibasis[B](3,"even');
clibasis[K](3,"even');
clibasis[-K](3,"even');
[1d,el &Ce2, el &Ce3,e2 &Ce3]
[ld, &Cy(el, e2), &Cy(el, €3), &Cy(€2, €3)]
[ld, &C,(el, €2), &C,(€el, €3), &C, (€2, €3)]
| [ld, &C_(€el, e2), &C_(€el, €3), &C_ (€2, €3)]
[ Clifford basis for the vector subspace of "bivectors® in CI(3):
> clibasis(3,2);
clibasis[B](3,2);
clibasis[K](3,2);
clibasis[-K](3,2);
[el&Ce2,el1&Ce3,e2&Ce3]
[&Cy(el, €2), &Cy(¢€l, €3), &Cy(€2, €3)]
[&C,(€l, 2), &C,(€el, €3), &C, (€2, €3)]

[&C (€1, €2), &C_,(el, e3), &C_ (€2, e3)]

[ >
L[>
H See Also: Cliplus:-cliexpand, Cliplus:-clieval, Clifford:-chasis

(c) Copyright October 8, 1995, by Rafal Ablamowicz & Bertfried Fauser, al rights reserved.
| Last modified: November 5, 2002, RA/BF.







_‘J\ Function: Cliplus:--clieval - evauatesthe inert forms & C’, & C'[K], or "& C'[-K] of the Clifford product in CI(B) and CI(K)

Calling Sequence:
clieval(p);

Parameters:
| p - polynomial whose terms are of typeClifford:-"type/cliprod’.

H Description:

package 'CLIFFORD'. It can be applied to any polynomia with such terms.
e Theinverse operation to 'clieval’ is Cliplus:-cliexpand.

ﬂExamples:
> restart:with(difford):with(diplus);

?cliprod for help.

E Example: Some computations with an arbitrary form B:
> p:=el &C e2;type(p,cliprod);clieval (p);

p:=el&Ce2
true
elwe2 +B, , Id
> p:="&C [B] (el, e2);type(p,cliprod);clieval (p);
p:=&Cg(el, €2)
true
elwe2 +B, , Id
> p:="&C [K] (el, e2);type(p,cliprod);clieval (p);
p:=&C.(el, e2)
true
elwe2 +K, , Id
> p:="&C [-K] (el,e2);type(p,cliprod);clieval (p);
p:=&C_(el, e2)
true
elwe2 -K, , Id
> q:= & [K] (el,e2,e3);clieval (q);
g:=&C.(€el, €2, e3)
elwe2we3 +K, ; el -K, ;e2 +K, , €3
> q:= & [-K] (el,e2,el3);clieval (q);
q:=&C_(el, €2, e3)
elwe2we3 - K, ; el +K, ;e2 -K, , €3
(> q:= & [K] (el,e2,1d);clieval (q);
g:=&C.(€el, e2,1d)
elwe2 +K, , Id
(> q:= & [-K](el,e2,1d);clieval (q);
g:=&C_(el, e2,1d)
elwe2 -K, , Id

 The procedure expands Clifford basis monomialsin terms of the Grassmann monomials (see "type/clibasmon’) used in the

Ciplus has been | oaded. Definitions for type/clinon and type/clipolynomnow include & and &C K] .

[ LCbig, RChig, clibasis, clieval, cliexpand, climul, clirev, dottedcbasis, dwedge, makeclialiases]

Type

[> p:=ld+2*(el &C e2) +3*(e2 &C e3)-&C(el, e2,e3); pl:=clieval (p);p2:=cliexpand(pl);p2-p;



p:=1d+2(el&Ce2) +3(e2&Ce3) -&C(el, €2, €3)
pl:=Id+2elwe2 +2B, ,Id +3e2we3 +3B, ;1d elwe2we3 B, el B, ;€2 B, ,€3
p2:=1d+2(el&Ce2) +3(e2&Ce3) -&C(€l, €2, €3)
M > p: =1 d+2*" &C [ K] (el, e2) +3* " &C [ K] (e2, e3)-‘§C‘ [-K] (el,e2,e3);
pl: =clieval (p);p2: =cliexpand(pl, K); p2-p;
p:=ld+2&C(el, e2) +3&C, (€2, e3) -&C_.(€l, €2, €3)
pl:=1d+2elwe2 +2K, ,Id +3e2we3 +3K, ;1d elwe2we3 #, el K, ;e2 K, ,€e3
p2:=1d +2&Cy(el, e2) +3&C (€2, e3) -&C,(el, e2,e3) +2K, el 2K, ;e2 2K, ,e3
| -&Cy(el, e2,e3) +2K, ;el -2K, ;e2 +2K, ,e3 +&C_(el, €2, e3)
[> p:=1d+2* " &C [-K] (el,e2)+3* & C [-K] (e2,e3)- & [-K] (el, e2,e3);
pl: =clieval (p);p2: =cliexpand(pl, -K); p2-p;
p:=ld+2&C_(el, e2) +3&C_(e2,e3) -&C_.(€l, €2, €3)
pl:=1d+2elwe2 -2K, ,Id +3e2we3 -3K, ;1d elwe2we3 K, el K, ;e2 K, ,€e3
p2:=1d+2&C_(el, e2) +3&C_ (€2, e3) -&C_.(¢€l, €2, €3)

L 0
[ Conversions between the Grassmann basis and the Clifford bases can be done as follows:
> L:=clibasis(3); #COifford basis for C(3)

L L:=[Id,el,e2,e3,e1&Ce2,el &Ce3, e2&Ce3, &C(€el, €2, €3)]
> L1: =map(clieval,L); #above Cifford basis expanded in terns of the Grassmann basis in
a(s)

| L1:=[ld, el, €2 €3, elwe2 +B, , Id, elwe3 + B, ;1d, e2we3 + B, , Id, elwe2we3 + B, ;€1 -B, ;€2 +B, , €3]

[ > L2: =map(cliexpand, L1); #obtaining back the Cifford basis

L L2:=[ld,el,e2,e3,e1&Ce2,el &Ce3, 2 &Ce3, &C(€el, €2, €3)]

[ > L:=cbasis(3); #G assmann basis for C (3)

L L:=[ld, el, e2, €3, elwe2, elwe3, e2we3, elwe2we3]

> L1: =map(cliexpand, L); #conversion to a Clifford basis wr.t. B

L1:=[

Id,el,e2, €3, (el&Ce2)-B, ,1d, (el &Ce3) -B, ;1d, (e2&Ce3) -B, ;1d, &C(el, €2, e3) - B, ;€1 +B, ;€2 -B, , €3
]

E Itisalso possible to have the B form listed explicitly:
> L1: =map(cliexpand, L, B); #conversion to a Cifford basis wr.t. B

L1:=[ld, el, €2, e3, &Cy(el, e2) - B, , 1d, &Cy(el, e3) - B, ;1d, &Cy(€2, €3) - B, ;1d,
| &Cy(el, e2,e3) -B, ;el +B, ;€2 -B, , €3]
> L2: =map(clieval,Ll); #conversion back to the G assmann basis
L2:=ld, €el, €2, €3, elwe2, elwe3, e2we3, elwe2we3 ]

[ >
L[>
ﬂ See Also: Cliplus:-cliexpand, Cliplus:-clibasis, Clifford:-makealiases

(c) Copyright October 8, 1995, by Rafal Ablamowicz & Bertfried Fauser, al rights reserved.
| Last modified: November 5, 2002, RA/BF.




_‘J\ Function: Cliplus:-cliexpand - expresses Grassmann basisin terms of the Clifford basisin CI(B), CI(K), or CI(-K)

Calling Sequence:

cliexpand(p);
cliexpand(p,K);

Parameters:

p - polynomial whose terms are of typeClifford:-"type/clibasmon'.
K - (optional) argument of type name, symbol, matrix, array, or “&**(numeric,{ name,symbol ,matrix,array})

H Description:

« The procedure converts any Clifford polynomial expressed in terms of the Grassmann basis monomials into a polynomial
expressed in terms of the Clifford monomials, that is, terms of type Clifford:-"type/cliprod'.

* |t can take an optiona argument K of type name, symbol, matrix, array, or “&**(numeric,{ name,symbol ,matrix,array}) in which
case the Clifford basisisin ClI(K). The default is K=B.

e Theinverse operation to 'cliexpand' is Cliplus:-clieval.

D-] Examples:

> restart:with(difford):with(diplus);

Ciplus has been | oaded. Definitions for type/clinon and type/clipolynomnow include & and & K]. Type
?cliprod for help.

L [ LCbig, RChig, clibasis, clieval, cliexpand, climul, clirev, dottedcbasis, dwedge, makeclialiases]
[ Example 1. Some computations with a symbolic form B:
> L:=cbasis(3); #G assmann basis for C (3)

L L:=[ld, el, €2, €3, elwe2, elwe3, e2we3, elwe2we3]
> map(cliexpand, L); #the above basis expressed in terns of the Cifford basis in C(B)

[
Id, e1, €2, €3, (e1 &C€2) —B, , Id, (e1 &Ce3) - B, , Id, (e2&Ce3) - B, , 1d, &C(el, €2, €3) - B, , el +B, ;€2 -B, , €3
]

> map(cliexpand, L, B); #the above basis expressed in terns of the Clifford basis in
a(B)

[1d, el, e2, €3, &Cy(el, 2) =B, , Id, &Cy(el, e3) - B, ;1d, &Cy(€2, €3) - B, ; Id,

| &Cy(el, e2,e3) -B, ;el +B, ;€2 -B, , €3]

> map(cliexpand, L, K); #the above basis expressed in terns of the Cifford basis in
a (K)

[1d, el, e2, €3, &C,(€l, €2) =K, , Id, &C(€l, e3) =K, ;1d, &C (€2, e3) - K, 5 1d,

| &Cy(el, e2,e3) - K, el +K, ;€2 =K, , €3]

> map(cliexpand, L, -K); #the above basis expressed in terns of the Cifford basis in
a(-K)

[1d, el, e2, €3, &C_(el, e2) +K, ,1d, &C_ (el, e3) +K, ;1d, &C (€2, e3) +K, 5 1d,

| &C (el €e2,e3) +K, ;el -K, ;€2 +K, , €3]

[ > p:=1-2*e2+e3we4; #C ifford polynom al expressed in G assmann basis

L p:=1-2¢€2 +e3wed

[ > pl:=cliexpand(p); #polynom al p expressed nowin Cifford basis in C(B)

pl: =cliexpand(p, B); #polynom al p expressed nowin Clifford basis in C (B)

pl:=1-2e2 +(e3&Ce4) -B, ,1d

| pl:i=1-2e2 +&Cy(e3,e4) -B; ,Id

[ > p2:=clieval (pl); #polynom al pl expressed back in G assmann basis should equal p

L p2:=1d-2e2 +e3wes




[ Note: 'Id' denotes the unit element in any Clifford algebra, that is, 1 = 1*1d, and therefore p = p2. Recall that procedure

| Clifford:-displayid displays any scalar sas s*Id. For example,

[ > pp: =di splayi d(p);

L pp:=1d-2e2 +e3wed

[ >

[ Example 2: Computations with another symbolic form H:

[ > L:=cbasis(3); #G assmann basis for C (3)

L L:=[ld, el, €2, €3, elwe2, elwe3, e2we3, elwe2we3]

> map(cliexpand, L, H); #the above basis expressed in terns of the Cifford basis in

a(H

[1d, el,e2,e3,&C,(el,e2) -H, ,1d, &C,(el, e3) —H, ;1d, &C (€2, e3) - H, 5 1d,

| &Cy(el,e2,e3) —H, ;el +H, ;e2 —H, , €3]

[ > p:=1-2*e2+e3we4; #Cifford polynom al expressed in Grassnann basis

L p:=1-2¢€2 +e3wed

[ > pl:=cliexpand(p, H); #polynom al p expressed nowin Cifford basis

| pl:=1-2e2 +&Cy(€3,e4) —H; ,Id

[ > p2:=clieval (pl); #polynom al pl expressed back in Grassmann basis should equal p

| p2:=1d-2e2 +e3wed

[ >

[ Example 3: Computations with another symbolic form -H:

[ > L:=cbasis(3); #G assmann basis for C (3)

L L:=[ld, el, e2, €3, elwe2, elwe3, e2we3, elwe2we3]

> map(cliexpand, L,-H); #the above basis expressed in terns of the Cifford basis in

a(-H

[1d, el, e2, €3, &C_(el, e2) +H, ,1d, &C_(el, e3) +H, ;1d, &C_,(€2,€e3) +H, ;1d,

| &C (el,e2,e3) +H, ;el —H, ;e2 +H, , €3]

[ > p:=1-2*e2+e3we4; #Cifford polynom al expressed in Gassnann basis

L p:=1-2¢€2 +e3wed

> pl:=cliexpand(p,-H); #polynom al p expressed nowin Cifford basis

| pl:=1-2€2 +&C (€3, e4) +H, ,Id

[ > p2:=clieval (pl); #polynom al pl expressed back in Grassmann basis should equal p
p2:=1d-2e2 +e3wed

[ >

[ >
| [ Thisshowsthat ‘cliexpand' is the inverse operation to ‘clieval’.
H See Also: Clifford:-chasis, Clifford:-"type/cliprod’, Clifford:-"type/clibasmon’, Cliplus:.-clieval, Cliplus:-clibasis,
Clifford:-makealiases

(c) Copyright October 8, 1995, by Rafal Ablamowicz & Bertfried Fauser, al rights reserved.
| Last modified: November 5, 2002, RA/BF.




_‘J\ Function: Cliplus:-climul - extends Clifford multiplication 'cmul’ to polynomials expressed in the Clifford bases e.g., & C(el,e2),
& C'[K](el,e2,€3)

Calling Sequence:

cmul(pl, p2...., pn);
climul(pl, p2,..., pn);
cmul[K](p1, p2,..., pn);
climul[K](p1, p2,..., pn);

Parameters:

pl, p2, ..., pn - polynomials whose terms are of type Clifford:-"type/cliprod'.
| K - (optional) index of type name, symbol, matrix, array, or “&*"(numeric,{ name,symbol ,matrix,array})

H Description:

 This procedure extends procedure cmul from 'CLIFFORD' to polynomialsin CI(B) or Cl(K) expressed in terms of the Clifford
basis written in terms of the unevaluated Clifford product "&C" or "& C’[K] or "& C'[-K] respectively.

* Noticethat the default is K=B. In this case, the basis can be displayed and used as & C(el,€2), etc., or, with B listed explicitly as
index asin “&C’[B](el,e2). Not internal mechanism exists to convert from one form to the other although they givethe same
Clifford basisin CI(B).

 User can use now the modified procedure ‘cmul’ which now can be applied to a new type of input, that is, “type/cliprod’.
* Itisalso possible to mix Grassmann basis with the Clifford basis.

« When package 'Cliplus' isloaded, definitions of “type/climon” and "type/clipolynom” are modified so that expressions like
2*°&C'(el,e2), a*"& C'[K](e3,62), etc. are of “type/climon™ while sums of such expressions, e.g., 2*°&C'(el,e2) +
4*°& C'(e3,e2), 2*"& C'[B](el,e2) + 4*"& C'[B](€3,62), 2*"& C'[K](el,e2) + 4**& C'[K](€3,e2) are of "type/clipolynom’. Thisis
needed so that procedures Cliplus:-clieval and Cliplus:-cliexpand from Cliplus work properly.

 Notice that although procedures cmul Q and its ampersand form “&cQ" are extended by climul, they don't compute correctly
(off-diagonal entriesin B are included) unless the form is diagonal. See Example 2 below. Procedure 'climul’ was meant to
extend ‘cmul’ and "&c” only.

H Examples:
[ > restart:bench:=tine():with(difford):
[ Example 1: Let's do first some type checking.
[ > pl:=el &C e2; p2: =2*p1l; p3: =p2+3* " &C (el, e3, e4);
pl:=el&Ce2
p2:=2(el&Ce2)
L p3:=2(el&Ce2) +3&C(€el, €3, e4)
[ > pl,type(pl,cliprod);p2, type(p2, cliprod);p3,type(p3,cliprod);
el &Ce2, true
2(el&Ce2), false
L 2(el&Ce2) +3&C(el, €3, e4), false
> pl, type(pl, clibasnon); p2,type(p2,clibasnon);p3,type(p3,clibasnon);
el &Ce2, false
2(el&Ce2), false
L 2(el&Ce2) +3&C(el, €3, e4), false
> pl, type(pl, clinon);p2, type(p2,clinon);p3,type(p3,clinon);

Cliplus has been | oaded. Definitions for type/clinon and type/clipolynomnow include & and & K]. Type
?cliprod for help.

el &Ce2, false
2(el&Ce2),true
2(el&Ce2) +3&C(€el, €3, e4), false




> pl, type(pl,clipolynom; p2,type(p2,clipolynon);p3,type(p3,clipolynon);
el &Ce2, false
2(el&Ce2),false

L 2(el&Ce2) +3&C(el, €3, ed), true
[ Now let's seeindex cliprods:
> pl: = &C [ B] (el, e2); p2: =2*pl; p3: =p2+3* " &C [ K] (€3, e4); pd: = & [-B] (el, e2);

pl:=&Cy(el, 2)
p2:=2&Cy(el, €2)
p3:=2&Cy(el, e2) +3&C, (€3, e4)
| pd = &C_g(€l, e2)
[ > pl,type(pl,cliprod);p2,type(p2,cliprod);
p3,type(p3,cliprod); p4,type(p4,cliprod);
&Cy(el, e2), true
2&Cy(el, e2), false
28&Cy(el, e2) +3&C, (€3, e4), false
&C_g(el, €2), true

r> pl,type(pl, clibasnon); p2,type(p2,clibasnon);
p3,type(p3, clibasnon); p4, type(p4,clibasnon);

&Cy(el, e2), false
2&Cy(el, e2), false
28&Cy(el, e2) +3&C, (€3, e4), false

L &C_y(el, e2), false
[ We can turn off printing of the warning messages by changing the default value of the environmental variable _warnings _flag via
|l CLIFFORD_ENV:
> warnings_flag: =fal se;
pl,type(pl, clinon); p2, type(p2, clinon);p3,type(p3,clinon);p4,type(p4,clinon);
pl,type(pl, clipolynon);p2, type(p2,clipolynom;p3,type(p3,clipolynom;
_warnings flag :=false
&Cy(el, e2), false
2&Cy(€el, e2), true
2&Cy(el, e2) +3&C, (€3, ed), false
&C_g(el, e2), false
&Cy(el, e2), false
2&Cy(el, e2), false
| 2&Cy(el, e2) +3&C, (€3, e4), true
[ Thus, in the main package CLIFFORD (version 6), expressions p1, p2, and p3 are not of type ‘clibasmon’, ‘climon’, or
'clipolynom’, p2 and p3 are not of type 'cliprod’, and only plis of type 'cliprod'. Furthermore, procedure 'cmul’ cannot expressions

| containing types ‘cliprod’ unlessit is modified by loading the supplementary package 'Cliplus. Loading is done automatically now:
> cnul (pl, pl); #crmul can handl e new "type/cliprod

| -1dB, , B, ; +B, ; &Cy(el, e2) +B, , &Cy(el, e2)
> cnul (pl, pl); cmul (pl, p2);cmul [ -B] (p4, p4);

-1dB, , B, ; +B, ; &Cy(el, e2) +B, , &Cy(el, e2)
-21dB, ,B, ; +2B, ; &Cy(el, e2) +2B, , &Cy(el, e2)
-1dB, ,B, , -B,, &C 4(el,e2) -B, , &C y(el, e2)

~ and the result is expressed in terms of the Clifford basis.

| Noticethat an error message is returned when various different names (indices) for the unevaluated Clifford products are used:
-



(> ' p3 =p3;
cmul (p3, p3); ###<<<- Intended error nessage
p3=2&Cy(el, e2) +3&C, (€3, e4)

Error, (in diplus:-clinul) optional (or default B) paraneter in clinul differs fromindices encountered
inits cliprod argunments. Found these names as indices of & {B, K}

" Thisisbecause expression p3 contains terms “& C'[B](el,e2) and "& C'[K](el,e2,e3) with different indices. However, when all
| indices are the same, computation proceeds:
[> p4:=2*"&C [K] (el, e2)- 3* & C [K] (e3, ed) +l d;
p5:=2*"&C [-K] (el, e2)- 3* & C [-K] (e3, e4) +l d;
p4:=2&C.(el, e2) -3&C, (€3, e4) +Id
p5:=2&C_(el,e2) -3&C_ (€3, e4) +Id

"> crul [K] (p4, p4) ;
crul [ - K] (p5, p5);
—6K1'3&CK(e2, e4) +6K4'1&CK(e2, €3) +4K2'1&CK(e1, €2) +4K1'2&CK(e1, €2) +6K3'1K2’4Id —6K4’1K2'3Id

+6K, 5 &C,(€l, e4) +6K, , K, 51d -6K, ,K, ,Id Hd 461dK, ,K, ; BIdK, K, , 61dK, ,K;, 61dK, K, ,

—41dK, , K, , ~91dK, K, 5 +6 K, ,&Cy(el, e4) +6K, ,&C,(€2,e3) -12&C,(el, €2, €3, e4) 6K, ,&C,(el, €3)

+9K, ,&C,(€3,4) +9K, ;&C (€3, e4) +4&C,(el, €2) 6&C,(€3,e4) 6K, ,&C (€2, e4) 6K, ,&C,(el, €3)
~9K, ,&C_(€3,e4) —9K, ;&C_ (€3, e4) +6 K, , K, ,1d -6 K, ,&C_ (el e4) 6K, ,&C_ (€2, e3)

~12&C_(el, 2, €3, e4) —6K, , K, ;1d +6 K, ;&C_ (€2, e4) +6K, ,K, ;1d 6K, ,K, ,Id 6K, , &C_ (€2, e4) +d

+6K, ,&C (€L, e3) +61dK, ,K, ; -61dK, ;K , +61dK, ,K;, 61dK, ;K;, 41dK,,K, , DIdK, K,

+6K, ,&C_ (€L, e3) 4K, ,&C_ (el e2) -4K, , &C_ (el, €2) +4&C_(el, e2) -6&C_ (€3, e4)

-6K,;&C (el,e4) -6K,, &C_ (€2, €3)
(> &[K] (p4, p4); #short for of the Aifford product can be used as wel |
&c[-K] (p5, p5); #short for of the difford product can be used as well

—6K, ;&Cy (€2, e4) +6K, ; &C, (€2, 3) +4 K, , &C,(€l, e2) +4K, ,&C(el, €2) +6K, K, ,1d 6K, K, ;1d
+6K, 5 &C(el, e4) +6K, , K, 51d =6K, ,K, ,Id Hd 461dK, ,K, ; BIdK, K, , 61dK, ,K;, 61dK, K,
—41dK, , K, , ~91dK, K, 5 +6 K, , &Cy(el, e4) +6K, ,&C, (€2, e3) -12&C,(el, €2, €3, e4) 6K, ,&C,(el, e3)
+9K, ,&C,(€3,4) +9K, ;&C,(€3, e4) +4&C,(el, €2) 6&C,(€3,e4) 6K, ,&C (€2, e4) 6K, ,&C,(el, €3)

~9K, ,&C_ (€3, e4) —9K, ;&C_ (€3, e4) +6K, , K, ,1d -6 K, , &C_ (el e4) 6K, ,&C_ (€2, e3)
~12&C_(el, €2, €3, e4) —6K, , K, ;1d +6 K, ;&C_ (€2, e4) +6K, ,K, ;1d 6K, ,K, ,Id 6K, &C_ (€2, e4) +d
+6K, ,&C (€1, e3) +61dK, , K, ; -61dK, ;K , +61dK, ,K;, 61dK, ;K;, 41dK,,K, , DIdK, ,K,
+6K, ,&C_ (€1, e3) 4K, ,&C_ (el e2) -4K, , &C_ (el, €2) +4&C_(el, e2) -6&C_ (€3, e4)

—-6K,;&C (€l e4) -6K,, &C (€2, e3)
> diplus:-climl[K](p4,p4); #clinmul can be used directly too
climl[-K](p5,p5); #TH S DOES NOT WORK since Ciplus has not been | oaded yet!

—6K1'3&CK(e2, e4) +6K4'1&CK(e2, €3) +4K2V1&CK(e1, €2) +4K1v2&CK(e1, €2) +6K3'1K2’4Id —6K4’1K2'3Id
+6K2’3&CK(el,e4) +6K4’2K1'3Id —6K3'2K1’4Id Hd +6IdK2’4K1'3 —6IdK2V3K1’4 {SIdK4’2K3V1 {-‘)IdK4le3’2
-41d KoKy g -91d Ky 4Ks 5 +6 K3’2&CK(e1, e4) +6K1’4&CK(e2,e3) -12&C,(el, €2, €3, e4) —6K4'2&CK(e1, €3)
+9K,; ,&C (€3, e4) +9K, ;&C (€3, e4) +4&C,(el, e2) 6&C (€3, e4) 6K, ,&C (€2, e4) 6K, ,&C,(€l, e3)

climul_ (2 &C_,(el, e2) -3 &C_ (€3, e4) +1d, 2&C_,(el, e2) -3 &C_ (€3, e4) +Id)

> cmul [ B] (pl, pl, pl);

2 2
_Bz,lld BZVZB“—BLZId B,,Bi —BZVZBM&CB(el, €2) +B, &Cy(el, e2) B, &Cy(el, e2)

+2B,,B; ,&Cy(el, e2)
> &c[ B] (p1, p1, pl); #short for of the Cifford product can be used as well

-B,,1dB, ,B,, ~B,,1dB, ,B, , -B,, B, ; &Cy(el, €2) +B, , &Cy(el, €2) +B, , &Cy(el, €2)



| +2B,,B,,&Cy(el, €2)
[ >
[ Example 2: Procedure 'climul’ extends 'cmul Q' and "&cQ" also except that off-diagonal terms from B are included unlessB isa
| diagonal matrix. For example,
[> B:='B :pl,
| &Cy(el, e2)
> cmul Qpl, p1);
&Qpl, pl);

-1dB, , B, ; +B, ; &Cy(€l, €2) +B, , &Cy(€l, €2)
| -1dB, , B, ; +B, ; &Cy(€l, €2) +B, , &Cy(€l, e2)
[ >
[ while the correct result should be only -B[2,2]*B[1,1]*1d. However, if B is defined as a diagonal matrix then result is correct:
> B:=matrix(2,2,[a,0,0,b]);

_|la 0
B "[o b}

-bald
-bald

S cmul Q pl, pl); &Q pl, pl);

>
[ Example 3: Notice the following changes in type definitions when 'Cliplus' is |oaded:
> pl,type(pl,cliprod);p2,type(p2,cliprod);
p3,type(p3,cliprod); #no change here

&Cy(el, e2), true
2&Cy(el, e2), false
28&Cy(el, e2) +3&C, (€3, e4), false

> pl,type(pl, clibasnon); p2,type(p2,clibasnon);
p3,type(p3, clibasnon); #no change here

&Cy(el, e2), false
2&Cy(el, e2), false
28&Cy(el, e2) +3&C, (€3, e4), false

> pl,type(pl, clinon);p2, type(p2, clinon);
p3,type(p3,clinmon); #changes here

&Cy(el, e2), false
2&Cy(€el, e2), true
28&Cy(el, e2) +3&C, (€3, e4), false

> pl,type(pl, clipolynon;p2,type(p2,clipolynom;
p3,type(p3, clipolynon); #changes here

&Cy(el, e2), false
2&Cy(el, e2), false
28&Cy(el, e2) +3 &C, (€3, ed), true

[ >
[ Example 4: Let's see some more computations:
[> B.="B:

pl: =l d+2*(el &C e2) + 3*&(C(el, e2,e3);

L pl:=1d+2(el&Ce2) +3&C(€l, €2, €3)
> cnul (pl, p2);

6B, ,&Cy(el, €2, €3) +6B, , &Cy(el, €2,€3) -6l B, ,B,, 6B, ,B, ,el +6elB,,B,, 6B,,B, ;el
-6B, ,B,,6el +6B, ;B, €l +6B, B, , €2 —41dB, ,B,, 6€3B,,B, , 662B,,B,, 2&Cy(el, €2)
+4B, , &Cy(el, €2) +4B, ,&Cy(el, €2)




[ Itisalso possible to use the infix form of 'cmul”:
[ > pl & p2;

6B, ,&Cy(el, €2, €3) +6B, , &Cy(el, €2,€3) -6€l B, ,B,, 6B, ,B, ;€1 +6elB,,B,, 6B,,B, jel
-6B, ,B,,6l +6B, ;B, €l +6B, ,B, , €2 —41dB, ,B,, 6€3B,,B, , 662B,,B,, 2&Cy(el, €2)
+4B,,&Cy(el, €2) +4B, ,&Cy(el, €2)

[ Oneuse 'clicollect' to collect the above output:
> clicollect(%;

6(Bl’2 +Bz,1) &Cy(el, e2,e3) +2(2 Bl’2 +1+2 qul) &Cy(el, e2) -41d Bz,z qul
_6(51,282,3+Ba,282,1 _51,352,2 _Bs,le,z +Bl,2B3,2 +Bz,182,3) el +681,1(B3,2+Bz,3) e2 _6e352,281,1

E Mixed basis el ements are also allowed:
[ > p2: =pl+2*e2we3;

L p2:=1d+2(el&Ce2) +3&C(€l, €2, e3) +2 e2we3
> cnul (p2, p2);

~4B, ,1d +12B, ,&Cy(el, €2, €3) +12B, , &Cy(el, 2, e3) —6€lB,,B,, 6B, ,B, ;el #4&Cy(e2, €3)
+6€lB,,B,,-6B,,B,,el -91dB, ,B,,B,, +9B, ;B, ,&Cy(el, e3) 9B, ,B,, &Cy(el, €3)
~9B, ,B, ,&Cy(el, 3) -9B, , B, , &Cy(€l, e3) -9B, , B, , &Cy(el, €3) +9B,, B, , &Cy(el, €3) Hd
-6B, ,B,,el +6B, ;B, €l +6B, ,B, ;€2 41dB, ,B,, -12e3B,,B,, 6€2B,,B,, 6B, ,B, €3
+6B, ,B,,€2-41dB,,B,, +41dB,,B,, 6B, ,B,,€3 6B, ,B,,e3 412¢elB,,B,, 6e3B,,B,,
+6€3B,,B,, +6€2B, ,B,, +4B, ,&Cy(€2,€3) 9B, ,B, , &Cy(€2,€3) 4B, B, ;Id 9B, ;B , &Cy(e2, €3)
+6B, ,B,,63-4B, ,&Cy(el, e2) +4B, ,&Cy(el, €2) —41dB, ,B,, +I1dB, ;B,, 4IdB,,B,,

+4B, ,&Cy(€2,e3) +4B, | &Cy(€2, €3) -4 B, ;& Cy(€2, €3) +4BZ32Id +# &Cy(el, e2) 4B;,B,,Id

+9B,,B, ,&Cy(el, e2) +9B, ; B,  &Cy(el, €2) +6 &Cy(€l, €2, €3) +4B, , &Cy(el, €2) #4 B, ,&Cy(el, €2)

| +12B; , &Cy(€l, €2, €3)

[ Polynomial p2 has three terms, two expressed the Clifford basis and one in the Grassmann basis. By the way, to express p2 solely

| interms of the Clifford basis, use procedure 'cliexpand':
> diplus:-cliexpand(p2);

Id+2 (el &Ce2) +3&C(el, €2, e3) +2(e2&Ce3) 2B, ,Id

E while to express p2 solely in terms of the Grassmann basis, use ‘clieval”:
> diplus:-clieval (p2);

Id+2elwe2 +2B, ,Id +3elwe2we3 +3B, ,el 3B, ;2 BB, ,€3 £e2we3

E Let's see how ‘cmul’ now handles mixed input:
> clicollect(cmul (p2,pl));

(9B; 3B, ,+9B; 3B, +4B,, +4B, , +4B;, #) &Cy(el, e2) -
(9B;3B,,B;,+4B, ,B;, -1 +4B, ;B , +4B,,B,, ¥B;,B,, 4B;,B,, €B,; #B,;B,; 4B,,B,)ld
_6(82,381,2+Bl,283,2_B3,1Bz,2 B, 2B1s B3 5By 1 B,1B5 5 +B3,3Bz,2) el
+6(B; By 1 tBy 3By +By 3By ) +B; 3B, 5) €2
—6(B, 3By, By By, "By By 3 ¥B; 1By 5 ¥2B,,B; B3 By, 4B;,B,,)€3
+6(1+2B,,+2B,; +B;,) &Cy(el, €2,e3) +(9B; ,B, ; +4B, , +9B, ;B, ; +2 +4B, ;) &Cy(€2, €3)

L _(452,2"'982,351,2 ~9B;,B,, +9B; B, 5 9B, ,B;, ¥9B;,B,, '982,251,3) &Cy(el, e3)
[ Finaly, let's see the multiplication table for the basis Clifford monomialsin CI(3):

[> B =linalg[diag](1,1,1):

> difford_basis:=Ciplus:-clibasis(3);

L Clifford_basis:=[Id,el,€2,€3,e1 &Ce2,e1 &Ce3,e2 &Ce3, &C(€l, €2, €3)]
[> M=matrix(8,8,(i,j)->cmul (Cifford _basis[i],difford _basis[j])):

[ > eval MM ;




(1d, el, e2, e3, el&Ce2, el&Ce3, e2&Ce3, &C(el, €2, e3)]
el, Id, elwe2, elwe3, e2, €3, &C(el,e2,e3), e&Ce3
e, —elwe2, Id, e2we3, —-el, -&C(el, e2,€e3), €3, —(el&Ce3)
e3, —elwe3, -e2we3, Id, &C(el, e2,e3), -el, -e2, el&Ce2
el&Ce2,-e2,el,&C(el, e2,€e3),-ld,—(e2&Ce3),el &Ce3, -€3
el&Ce3,-e3,-&C(el,e2,e3),el,e2&Ce3,-Id,—(el&Ce2),e2
e2&Ce3,&C(el,e2,e3),-e3,e2,—(e1&Ce3),el&Ce2,-Id, -el
L L&C(€el, e2,€3),e2&Ce3,—(el&Ce3),el&Ce2,-€3,e2,-€l,-1d]
> printf("Wrksheet took % seconds to conpute on a 800MHz ANMD At hl on Thunderbird 512

RAM machi ne with Wn XP Professional\n",tine()-bench);

Wor ksheet took 83.316000 seconds to conpute on a 800MHz AMD At hl on Thunderbird 512 RAM nachine with Wn
L XP Prof essi onal
[ >

L[>
H See Also: Clifford:-cmul, Clifford:-clicollect, Clifford:-"type/cliprod’, Cliplus:-clieval, Cliplus:-cliexpand, Cliplus:.-clibasis

(c) Copyright October 8, 1995, by Rafal Ablamowicz & Bertfried Fauser, al rights reserved.
| Last modified: November 5, 2002, RA/BF.




_‘J\ Function: Cliplus:-clirev - extends procedure 'reversion’ to polynomials expressed in the Clifford basisin CI(B) or CI(K)

Calling Sequence:

reversion(p);
clirev(p);
reversion(p,K);
clirev(p,K)

Parameters:

p - polynomial whose terms are of typeClifford:-"type/cliprod’.
k - (optional) argument of type name, symbol, matrix, or array, or type "&* (numeric,{ name,symbol ,array,matrix} )

H Description:

 This procedure extends procedure Clifford:-reversion from 'CLIFFORD' to polynomialsin Cl(B) expressed in terms of the
Clifford basisin CI(B).

 User can use now the modified procedure ‘reversion’ which now can be applied to a new type of input, that is, “type/cliprod'.

» Observe that a second optional argument K may now be used of type name, symbol, matrix, array, or type
*&* (numeric,{ name,symbol,array,matrix}): in that case, reversion is done with respect to the form K or its numeric multiple.
When the optional argument is not specified, reversion is done, by default, with respect to the bilinear form B.

* Itisalso possible to mix Grassmann basis with the Clifford basis.

« When applied to a Clifford monomial, it reverses the order of the basis 1-vectors. For example, when reversion is applied to the
basiselement el &C e2 &C €3, it will return €3 &C €2 &C €l. Then, extend it by linearity to polynomial expressions.

H Examples:

> restart: bench:=tinme():with(difford):with(diplus):
Ciplus has been | oaded. Definitions for type/clinon and type/clipolynomnow include & and & K]. Type
L ?cliprod for help.

[ > p:=el &C e2 &C e3;
pl: =el &C e2;
p2: =" &C (el, e2we3);
p=(el&Ce2)&Ce3
pl:=el1&Ce2
p2:=el &C e2we3
> "clirev(p)"=clirev(p);
"reversion(p)"=reversion(p);
"clirev(pl)"=clirev(pl);
"reversion(pl)"=reversion(pl);
"“clirev(p2)"=clirev(p2);
"reversion(p2)"=reversion(p2);
"clirev(p)" =&C(€3, €2, el)
"reversion(p)" = &C(€3, €2, e1)
"clirev(pl)" =e2 &Cel
"reversion(pl)" =e2 &C el
"clirev(p2)" =e2we3 &C el
L "reversion(p2)" =e2we3 & C el
[> pp:= & C [ B] (el, e2, e3) ;
pll: = &C [K] (el, e2, e3);
p22: =" & C [-K] (el, e2, e3);
pp = &Cy(€el, €2, €3)

pll:=&C,(el, €2, e3)




] p22:= &C_,(el, €2, e3)
> reversion(pp); # reversion of pp wr.t. B (use inplicitly)
reversion(pp,B); # reversion of pp w.r.t. B (use explicitly)

&C(€e3, e2,el)
L &C(€e3, e2,el)
[ Reversion of expression p11 defined above has to be done with respect to the same index. Otherwise, an error message will be

| printed:
[ > reversion(pll); ###<<<<-Desired error nessage

Error, (in diplus:-clirev) optional (or default B) parameter in clirev differs fromindices encountered
inits cliprod argunents. Found these nanes as indices of & {B, K}

> reversion(pll,K); # reversion of pll wr.t. K can be done because it matches index in

T &C [ K]
L &C, (€3, €2, ¢el)
> reversion(p22,-K); # reversion of p22 w.r.t. -K
&C_ (€3, e2,el)

[ >
[ Notice in the above that since macro(reversion=clirev) is defined at the time when the package 'Cliplus' is loaded, user can enter
| name "reversion’, yet maple returns always its macro name 'clirev'. For example,
[> '"reversion';
Cliplus.-"-%
When 'reversion’ acts on Clifford polynomial p expressed in the Grassmann basis, it returns reversed p in terms of the Grassmann
| basis:
[ > p:=elwe2- 1+2*e2+elwe2wed; #original p expressed in the G assmann basis

L p:=elwe2 -1 +2e2 +elwe2we3
> pl:=reversion(p); #reversed p expressed in the Grassmann basi s
pl:=B,,ld-B, ,ld -Id —elwe2 +B;,el B,,el B;,e2 Pe2 B ,e2 B, €3 B ,e3 elwe2we3

E When 'reversion’ acts on Clifford polynomial p expressed in the Clifford basis, it returns reversed p in terms of the Clifford basis:
[ > p2: =cliexpand(p); #polynom al p expressed in the Cifford basis

p2:=(el&Ce2)-B,,Id -1 +2e2 +&C(el,e2,e3) B, el B ,e2 B ,e3
> reversion(p2); #reversed p2 expressed in the Cifford basis
(e2&Cel)-B,,Id -1 +2e2 +&C(e3,e2,el) B, el B ,e2 B ,e3
> p3:=clieval (%; #converting reversed p to the G assmann basi s
p3:=B,,ld-B, ,ld -Id —elwe2 +B;,el B,,el B;,e2 Pe2 B ,e2 B, €3 B ,e3 elwe2we3

Epl and p3 now should be the same:
[ > pl - p3;

L 0
[ 'reversion’ can take an optional argument K of type name, symbol, matrix, array, and it will then act on Clifford polynomial pin
L CI(K). It will return reversed p in terms of the Grassmann basis using coefficients of the form K:
[ > p:=elwe2- 1+2*e2+elwe2wed; #original p expressed in the G assmann basis
p:=elwe2 -1 +2 e2 +elwe2we3
> pl:=reversion(p,K); #reversed p expressed in the G assmann basis
| pl:=K, ld-K, ,Id -ld —elwe2 +K;,el K, el K;, e2 2e2 K ,e2 K, e3 K ,e3 elwe2we3
[ When 'reversion’ acts on Clifford polynomial p expressed in the Clifford basis, it returns reversed p in terms of the Clifford basis:
[ > p2: =cliexpand(p, K); #polynom al p expressed in the Cifford basis
| p2:=&Cy(el, e2) -K, ,ld -1 +2e2 +&C,(el, e2,e3) K, el K, ,e2 K ,€3
[ > reversion(p2); ###<<<<-Desired error nessage

Error, (in diplus:-clirev) optional (or default B) paraneter in clirev differs fromindices encountered
inits cliprod argunents. Found these nanmes as indices of & {B, K}

" The above error message is due to the fact that 'reversion’ performs reversion with respect to the default form B while it has
| encountered index K asin "&C'[K](el,e2):
[ > reversion(p2, K);

&C (€2, el) K, ,1d -1 +2e2 +&C,(e3, €2, 1) K, el K, ,e2 K, ,€3




> p3:=clieval (%; #converting reversed p to the Grassnann basis
p3:=K, 1d-K, ,Id -ld —elwe2 +K;,el K, el K;, e2 2e2 K ,e2 K, e3 K ,e3 elwe2we3

Epl and p3 now should be the same:
[> pl - p3;
0

E Reversion is always an anti-automoprhism in the Clifford algebra CI(B):
[ > pl:=4*(e2 & C e3) - 3*(el &C e2 &C e3) + 2*e3;

L pl:=4(e2&Ce3)-3((e1&Ce2)&Ce3) +2¢€3
[ > p2:=1-el+e3+2* (el &C e2);

p2:=1-¢€el +e3 +2 (el &Ce2)
> plp2: =cnul (pl, p2);

plp2:=8B,,B, ,1d+2B, ,1d +4&Cy(e2, €3) +6B,, B, ;el +6e3B,,B,, B, ,e3 6€lB,,B,,
-6elB,,B,,+6B, ,B,,el -6€2B,,B,, 6B, ;B,,el %6B,,B,,e2 8IdB,,B,, B8IdB,,B,,
-8B, ,1dB, , +2e3 4B, ;el -8B, B, ,Id 4B, ,B, ;el 3&Cy(el, €2,€3) 6B,,&Cy(el, €2, e3)
- 6B, ,&Cqy(el, €2, €3) +3B, , &Cy(€2, €3) +8B, ,&Cy(€2, €3) +8B, , &Cy(€2, €3) 3B, , &Cy(el, €3)
~3B, ,&Cy(el, €3) -8B, ,&Cy(el, €3) 2B, , Id +4B,, €3 #4B, 62 2B, ;1d 2&Cy(el,e3) 4B, el

| +3B, ;&Cy(el, e2) +8B, ;&Cy(el, €2) +3B,, &Cy(el, e2) -3B, ;&Cy(el, e2) 8B, ,&Cy(el, e2) 8B, ,B,,Id
[ We want to show that

reversion(cmul (p1,p2)) = cmul(reversion(p2),reversion(pl)).

> revplp2: =clicollect(reversion(plp2));

revplp2:=-2(-4B,,B; ;=B 3 +4B, ,B;, 4B, B, 3 4B;,B,, B;, #B;,B,;, B, ; 4B,;B,,)Id
+2(3By,B,3-3B;,B,,+3B; ,B;, 3B, 3B, , 3B,,B,; 8B;,B,; 2B,; 2B;,)el
-2(3B;,B, ;+3B, 3B, ; -2B; ;) e2+2(3B,,B,;, +2B, , +1 +2B, ;) e3 -3(2B, ,+2B,, +1) &C(e3, €2, €l)
+(8B,,+8B,, +3B,; +4)(e3&Ce2) +(3B; , +8B;, +3B, ; +8B, ; -3B; ;) (e2&Cel)
-(3B,,;+3B,,+8B,, -2) (e3&Cel)

> plil: =reversion(pl);

pll:=4(e3&Ce2) -3&C(€3,€2,€el) +2€3
> p22: =reversion(p2);

p22:=1-€l +e3 +2(e2&Cel)
> Revplp2: =cmul (p22, pl1l);

Revplp2:= 2B, ,1d -4 &C,(e2, €3) +3B, , B, , Id +3B, , B, ;1d +6B,,B, , €3 #4B,,Id 8B, €2 42€3B,,B,,
+B,,63-3B,,1dB,, +6B,, B, ,€2 +6B,,e2B,, 6B,,B,,el 6B,,B,,e2 6B, ,B,,el 6B,,B €2
+8B,,B,,!d +8B, ;B, ,Id +2e3 7B, ;el 8B,, B, ,Id 8&Cy(el, €2 e3) 6B,, &Cy(el, €2, €3)
+6B, ,&Cy(el, €2, e3) -3B, , &Cy(€2, €3) -8B, ,&Cy(€2, €3) -8B, , &Cy(€2, €3) 3B, , &Cy(el, €3)
+3B, ,&Cy(el, e3) +3B, ;e2 -3B, ;B, ,Id +8B, ,&Cy(el, e3) +B,,€3 6B, ,B, ;€2 6B, ,B, ;62 #B, €2

—6e3BZ’12 —2&Cy(el,e3) -7B;, €l —681’22e3 #B,,ld 3B, ;&Cy(el,e2) 8B, ;&Cy(el, e2)
| -3B;,&Cy(el, e2) +3B, ;&Cy(el, e2) -8B, , &Cy(el, e2) +8B,,B, ,Id
> clieval (Revplp2-revplp2);
L 0
[ The same computation as above except this time with respect to some arbitrary form K:
(> pl:=4*"&C [K] (e2,e3) - 3* & [K] (el, e2,e3) + 2*e3;
pl:=4&C.(€2,e3) -3&C,(€el, e2,e3) +2€3
> p2:=1-el+e3+2* &C [K] (el, e2);

p2:=1-¢€l +e3 +2&C,(€el, €2)

( > plp2: =cmul [ K] (pl, p2);



Plp2:= 4K, ,e3-6K, ;K, €2 -8IdK, ,K,, +6K, ,K, ;el 8K, ,1dK, , 6e2K,, K, , 6K, K, el
+6e3K, , K, ; +6elK, K, -6elK,, K, , +6K, ,K;,el 8K, K, ,ld 4K, el 2e3 6K,,&C(el, €2, e3)
—6K, ,&C,(el, €2, e3) 2K, , Id +8K, , K, ,1d -3&C,(el, €2, €3) #4&C,(€2,e3) 6K, ,K, el #K, e
+2&C(el, e3) +2K, ,1d 8K, , K, ,1d +4K, , 3 81dK, , K,, 4K,,el 8K, ,&C(e2, €3)
+8K, , &C,(€2, e3) +8K, ,&C (€2, €3) +8K, ; &Cy(el, €2) +3K,, &C,(el, e2) 8K, ,&C (el e2)

| -3K; ;&C(el, e2) +3K, ;&C(el, e2) 2K, ;1d 3K, ; &C,(el, e3) 3K, ,&C(el,e3) 8K, ,&C(el, e3)
[ We want to show that

reversion(cmul(pl,p2)) = cmul(reversion(p2),reversion(pl)).

> revplp2: =clicollect(reversion(plp2, K));

revplp2:=-2(4K; , Ky 3+ Ky +4K; Ky +4K Ky, 4Ky Ky, Ky 8K, Ky 3 4K 5K, K 5)Id
+2(_2K2,3_3K3,1K2,2 3K K3 13Ky 1 Ko s BKg Ky 2Kg, 3K 5Ky, 'SKl,sz,z)el
—2(-2K;3+3K, ;K +3K;, K, 1) €2 +2(2K ,+2K, ; +1 +3K, , K, ;) €3
—(-2+8K,, +3K, ; ¥3K;,) &C,(€3,el) +(3K, ; +8K, , +4 +8K, ,) &C,(€3, €2)
+(3K;;-3K; 5 +8K, 5 +3K, ;3 ¥8K;,) &C(€2,el) -3 (2K, ; +2K, , +1) &C, (€3, €2, el)

> pll: =reversion(pl, K);

pll1:=4&C.(€3,€2) -3&C,(€3,€2,€el) +2€3
> p22: =reversion(p2, K);
p22:=1-¢€l +e3 +2&C, (€2, el)

> Revplp2: =cmul [ K] (p22, pl1);

Revplp2 =K, ,€3+6K,; , 62K, =6K, ;K; ;€2 +8K; , K, ; Id 8K, ;K ,1d 6K;,K, ;€2 6K, ;K,, €l
+6K,,K, €3 -6K; K, el +8K;, K, ,1d +3K;,K; ;1d 7K, ;el 2e3 8K, K, ;1d 6K; K ,e2
-12e3K, K, , =3K; ;1dK, ; +6K, , &C,(€el,e2,e3) +6K, ,&C,(€l, €2,e3) 3&C(el, 2, e3) 4&C (€2 e3)
+4K, 51d +3K, ;€2 +4K; ,1d +3K;, €2 3K, ;K ,1d #K; 62 2&C(el, e3) 6K, K, ;62 6K ,K ;€2
+2K;51d +8K, K, ;1d +K; ;€8 7K, , el 3K, ;&C,(€2,e3) 8K, &Cy(e2,e3) 8K, ,&C,(€2 €e3)

~8K, 5 &C(el, €2) ~3K, , &Cy(el, €2) ~8K, , &Cy(el, €2) 43K, ;&Cy(el, €2) 3K, ;&C,(el, e2) 6K, , €3

| —663K2’12 +3K, , &C(el, e3) +3K, ,&C,(el,e3) +8K, ,&C (€L, e3)
> clieval (Revplp2-revplp2);

EAnother short example:
> pl:=ld+2*(el &C e2) + 3*&C(el, e2, el);
L pl:=Id+2(el&Ce2) +3&C(el, e2, e3)
[ > reversion(pl);
Id+2(e2&Cel) +3&C(€3, €2, €el)
> p2: =pl+e2we3dwes;
L p2:=1d+2(el&Ce2) +3&C(el, €2, e3) +e2we3wed
[ Mixed input can be used in 'reversion':
[ > reversion(p2);
| ld+2(e2&Cel) +3&C(€3, €2, el) —-e2we3we4 +B, ;€2 B, ,e2 B,,e3 B,,e3 B;,e4 B, e4
[ To express the above output solely in terms of the Clifford basis, use 'cliexpand':
> cliexpand(%;
| ld+2(e2&Cel) +3&C(€3,€2,€el) -&C(e2,€3,e4) +B, ;62 B, ,€3 B, ,e4
[ To express the above output solely in terms of the Grassmann basis, use ‘clieval”:
> clieval (9;

Id—2elwe2 +2B, , Id -3 elwe2we3 3B, , €2 3B, , €3 BB, ,el €2wedwe4 B,,e2 B,,e3 B,,e4 B, e2




L ~B,,83+B;, &4
> printf("Wrksheet took % seconds to conpute on a 800MHz AVD At hl on Thunderbird 512

RAM machine with Wn XP Professional\n",tine()-bench);
Wor ksheet took 53.467000 seconds to conpute on a 800MHz AMD At hl on Thunderbird 512 RAM machine with Wn
XP Prof essi onal
[ >
L[>

H See Also: Clifford:-cmul, Clifford:-clicollect, Clifford:-"type/cliprod’, Cliplus:-clieval, Cliplus:-cliexpand, Clifford:-reversion

(c) Copyright October 8, 1995, by Rafal Ablamowicz & Bertfried Fauser, al rights reserved.
| Last modified: November 5, 2002, RA/BF.




‘J\ Function: Cliplus:-dottedcbasis - create dotted Grassmann basis (expressed in terms of the Grassmann standard wedge basis)

Calling Sequence:

L := dottedcbasig[K](n);

L := dottedcbasi K] (n,'even’);

L := dottedcbasig[K](n,k);

Parameters:

e n- positive integer between 1 and 9

 k - non-negative integer between 0 and n

» K - antisymmetric matrix, or aname, symbol, array, *&*"(numeric,{ name,symbol ,array,matrix} )

Output:

e L : alist of Clifford clibasmons, climons and/or clipolynomsthat make up dotted wedge basis

ﬂ Description:

» Thisfunction issimilar to Clifford:-chasis: while the latter gives standard Grassmann wedge basis, this procedure returns a basis
for the Clifford algebra CI(V,B) where dim_V = n. When the second positive integer k is used, the basis returned contains only
those basis polynomial's of maximum grade exactly equal to k.

* NOTE: Until now both types of algebras are expanded (formally) over the same basis Grassmann monomials which, according to
CLIFFORD's convention, are written as eiwg... . It is the responsibility of the user to keep track which type of wedge he/sheis
using and which expression is based on which exterior product, dotted or undotted. It isagood idea it to assign such expressions
to adescriptive |hs, see below.

D-] Examples:

> restart:with(difford):with(diplus);

Ciplus has been | oaded. Definitions for type/clinon and type/clipolynomnow include & and & K]. Type
?cliprod for help.

[ LCbig, RChig, clibasis, clieval, cliexpand, climul, clirev, dottedcbasis, dwedge, makeclialiases]

[ Example 1: Procedure 'dottedcbasis displays dotted basis for Cl(V) while procedure chasis displays Grassmann basis for CI(V):
> dottedcbasi s[ F] (3);

dot t edcbasi s[-F] (3);
[1d, el, €2, €3, elwe2+F12Id elwe3+Fl3Id e2we3+F23Id elwe2we3 + F 3el—Fl3e2 +F1263]

[1d, el, e2, €3, elwe2 - F, , Id, elwe3 - F, ; Id, e2we3 - F, ; Id, elwe2we3 - F, ; el +F, ;e2 -F, , €3]
> cbasi s(3);

[1d, el, €2, €3, elwe2, elwe3, e2we3, elwe2we3]

" No error message appears when unassigned symbol 'g' is used but wehn 'g' gets assigned a non-antisymmetric matrix, an error will
| be reported:
[ > dottedcbasis[g](3);

[1d, €1, 2, €3, elwe2 + g, , Id, elwe3 +g, ;Id, e2we3 +g, ; Id, elwe2we3 +g, ;€1 —g, ;€2 +g, , €3]
[>g—array(1 1..3,synmetric):
> dottedcba3|s[ g] (3); ## <<<-- Expected error nessage

Error, (in diplus:-dottedcbasis[g]) index is expected to be an antisymetric matrix or array, or, nanme
or synbol

[ >
[ Example 2: (Dotted and undotted wedge bases) Let usfirst expand the basis of the original wedge into the dotted wedge and
| back. For this purpose we choose dim_V=3 and set up a antisymmetric bilinear form F and its negative -F = FT, respectively:
> dimV: =3:
F:=array(1..dimV, 1. .dimV, anti symetric):
FT: =l'i nal g[ transpose] (F):
F, FT = eval n(F), eval m(FT);




w_bas: =cbasi s(di m V); ## the wedge basis
B: =eval n{ g+F) ;
0 Fio Fuis 0 -F, -Fiq
FFT=|-Fy, 0 Fosl|Fa2 0 —Fy 3
Fis Fs O Fis Fas 0
w_bas:=[ld, €1, €2, €3, elwe2, elwe3, e2we3, elwe2we3]
911 O12+tF2 O3*Fis
B:=|91,"Fi> 9 2 % 3+F,s

L O35 Fis O3~ Fas 933

[ Now we map the convert function onto this basis to get the dotted-wedge basis (and back to test that this device works properly)
[ > d_bas: =map(convert, w bas, wedge_t o_dwedge, F);

t est _wbas: =map(convert, d_bas, dwedge_t o_wedge, FT) ;

d_bas:=[Id, el, €2, €3, elwe2 + F, , Id, elwe3 +F, ;Id, e2we3 +F, ,1d, elwe2we3 +F, ; el -F, ;€2 +F, , €3]

test_ whas:=[Id, el, 2, €3, elwe2, elwe3, e2we3, elwe2we3]
" Note that only the scalar 1d and the one vector basis elements el are unaltered and that the other basis elements of higher grade
pick up additional terms of lower grade (which preserves the filtration).

It is possible to define aliases for the dotted wedge basis "monomials’ similar to the Grassmann basis monomials used by
| 'CLIFFORD'. For example, we could denote the element elwe2 + F[1,2]*Id by elde2 or elWe2, and smilarly for other elements:
[ > alias(elWe2=elwe2 + F[1,2]*1d,
elWe3=elwe3d + F[1, 3]*Id,
e2We3=e2we3 + F[2, 3] *1d,
elWe2We3=elwe2we3+F[ 2, 3] *el- F[ 1, 3] *e2+F[ 1, 2] *e3);
elWe2, elWe3, e2We3, el\We2We3

[ and then Maple will display automatically dotted basisin d_bas in terms of the aliases:
> d_bas;

[1d, el, €2, €3, elWe2, e1We3, e2We3, e1We2We3]
" While command ‘chasis displays basis elements in the Grassmann basis by default, it is not difficult to write a new procedure that
would display the dotted basis instead. This procedure is called 'dottedcbasis. Since we have defined aliases above, output from
| 'dottedcbasis will be automatically converted to aliases:
[ > dottedcbhasi s[F] (3);

L [1d, el, €2, €3, elWe2, e1We3, e2We3, e1We2We3]
[ > dottedcbasi s[F] (3, even');
L [1d, elWe2, elWe3, e2We3]
[ > dottedcbasi s[F] (3, 2);
[ elWe2, elWe3, e2We3]
© With the procedure 'findbasis which returns linearly independent elements from alist, we can verify that the above lists contain
| linearly independent elements:
> findbasi s(dottedcbasis[F](3));

[Id el €2, €3, elWe2, elWe3, e2We3, elWe2We3]
r> fi ndbasi s(dottedcbasi s[F] (3,' even'));

L [1d, elWe2, elWe3, e2We3]
[ > findbasi s(dottedcbasis[F](3,2));

L [ elWe2, elWe3, e2We3]
[ >
[ >
H See Also: Bigebra:-help, Cliplus:-dwedge, Clifford:-reversion, Clifford:-cbasis
(c) Copyright October 8, 1995, by Rafal Ablamowicz & Bertfried Fauser, al rights reserved.
| Last modified: November 5, 2002, RA/BF.




_‘J\ Function: Cliplus:-'dwedge’, Cliplus:-'&dw" - Gralimann wedge product for a different filtration

Calling Sequence:

¢l := dwedge[K](pl,p2,....pNn)
cl := &dw[K](p1,p2,...,pn)

Parameters:

e pl,p2,...,pn - Clifford polynoms (elements of one of these types: “type/clibasmon’, “type/climon’, “type/clipolynom)

» K - index of type name, symbol, matrix, array, or “&* " (numeric,{ name,symbol,matrix,array})
Output:
e ¢l : aClifford polynom

ﬂ Description:

 The dotted-wedge (dwedge) accompanies the Gralimann wedge product, but differsin its graduation. In fact both products are
isomorphic as exterior products, but relay on different filtrations. The dotted wedge product and the undotted one are related by
the process of cliffordization which is used in CLIFFORD internally to compute the Clifford product in CI(V,B). However, the
cliffordization is performed in this case by an antisymmetric bilinear form B=F, say F(x,y)=-F(y,x),where x and y are 1-vectorsin
V.

 Procedure 'dwedge' requires one index of type name, symbol, matrix, array, "&* " (numeric,{ name,symbol,matrix,array} ). When
theindex isamatrix or an array, it must be antisymmetric.

* |t can be shown that the Wick-theorem of normalordering, well known in QFT and many particle QM, is exactly described by this
process.

» While being isomorphic as Gral3mann algebras and hence beeing interchangeable, the difference becomes important when further
structures are considered. For example, when a Clifford algebrais build over the space of this differently graded Gral3mann
algebra, or when quantum deformations are modeled within an undeformed Clifford algebra, etc..

» The dotted wedge is awrapper function which actually uses “convert/wedge to_dwedge” and “convert/dwedge to wedge' to map
between the two basis sets. Thisis possible since the new Gral3mann algebrais a cliffordized Gral3mann algebraw.r.t. abilinear
form F as stated above.

» The ampersand version of this procedureiscalled “&dw’.

* NOTE: Til now both types of algebras are expanded (formally) over the same basis Grassmann monomials which, according to
CLIFFORD's convention, are written as eiwg... . It isthe responsibility of the user to keep track which type of wedge he/sheis
using and which expression is based on which exterior product, dotted or undotted. It isagood idea it to assign such expressions
to adescriptive |hs, see below.

* References.
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Applicationsin Science and Engineering -- Automatic Theorem proving, Computer Vision, Quantum and Neural Computing, and
Robotics", Eds. Eduardo Bayro-Corrochano and Garret Sobczyk, Birkhduser, 2002.

[2] Ablamowicz, R. and Bertfried Fauser: “On the decomposition of Clifford algebras of arbitrary bilinear form”, Rafal
Ablamowicz and Bertfried Fauser, in “Clifford Algebras and their Applicationsin Mathematical Physics’, Eds. Rafal
Ablamowicz and Bertfried Fauser, Vol. 1: Algebraand Physics, Birkh&user, Boston, 2000, pages 341--366 (see also
http://www.birkhauser.com/cgi-win/isbn/0-8176-4182-3).
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Algebraand Physics, Birkhauser, Boston, 2000, (ISBN 0-8176-4182-3) (for more information go to
http://math.tntech.edu/rafal/mexico/mexico.html).
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Boston, 1996, pages 167-188.

[5] “Clifford Algebras with Numeric and Symbolic Computations’, Eds. Rafal Ablamowicz, Pertti Lounesto, and J. Parra,




Birkh&user, Boston, 1996 (ISBN 0-8176-3907-1).

ﬂ Examples:

> restart:with(difford):with(diplus);

Ciplus has been | oaded. Definitions for type/clinon and type/clipolynomnow include & and & K]. Type
?cliprod for help.

L [ LCbig, RChig, clibasis, clieval, cliexpand, climul, clirev, dottedcbasis, dwedge, makeclialiases]

[ Example 1. Simple examplesfirst:

[ > dwedge[ K] (el+2*elwe3, e4+3*elwe?2);

dwedge[ - K] (el+2*elwe3, e4+3*elwe?2);

&AW el+2*elwe3d, e4+3*elwe?); #default index in "&Iw is F

&AW - F] (el+2*elwe3, e4+3*elwe?2);
elwe4 +2 elwe3wed —(—K, , +6K, 5K, ,)Id 6K, ,elwe3 6K, ;elwe2 (-2K,,+3K ,)el 2K, ,e3
elwed +2 elwedwed —(K, , +6K, K, ,) Id +6 K, ,elwe3 +6K, jelwe2 H-2K,,+3K ,)el 2K, ,e3
elwe4 +2 elwe3wed —(-F, , +6F, ;F, ,)Id -6F, ,elwe3 6F, ;elwe2 (-2F,,+3F, ,)el 2F ,€3

| elwed + 2 elwedwed —(F, ,+6F, ;F, ,)Id +6F, ,elwe3 +6F, ;elwe2 {-2F; ,+3F, ,)el 2F, ,€3
[ >
[ Example 2: Observe that conversion from the undotted wedge basis to the dotted wedge basis using antisymmetric form F and
'dwedge[F]' are related through the following identity:

convert(elwe2w...wen,wedge to_dwedge,F) = dwedge[F](el,€2,...,en)

L which can be shown asfollowsindim_V <=5:
[> F:=array(1..9,1..9,antisynmetric):
[ > ##when dimV = 2:
simplify(dwedge[ F] (el, e2) =convert (wedge(el, e2), wedge_t o_dwedge, F));
elwe2 +F, ,ld=elwe2 +F, , Id
[ > ##when dimV = 3:
sinmplify(dwedge[ F] (el, e2, e3) =convert (wedge(el, e2, e3), wedge_t o_dwedge, F));
elwe2we3 +F, ;el -F, ;e2 +F, ,e3 =elwe2we3 +F, ;el -F, ;€2 +F, , €3
[ > ##when dimV = 4:
sinmplify(dwedge[ F] (el, e2, e3, e4) =convert (wedge(el, e2, €3, e4), wedge_t o_dwedge, F));
elwe2we3wes +F, ; elwed +F, ;F, ,1d -F, ;e2wed —F, ;F, ,Id +, ,e3wed + ,F,,I1d F,, elwe3 +, ,e2we3
+F; , elwe2 = elwe2wedwed +F, ;elwed +F, . F, ,I1d -F, ;e2wed -F, ;F, ,1d +F, ,e3wed +, ,F;,Id

| -F, ,elwe3 +F, , e2we3 +F; , elwe2

[ > ##when dimV = 5:

sinmplify(dwedge[ F] (el, e2, e3, e4, e5) -convert (wedge(el, e2, e3, e4, e5), wedge_t o_dwedge, F));
0

>
[ Example 3: Operation 'dwedge' is associative with Id as a unit:
[ > dwedge[ F] (dwedge[ F] (el, e2), e3);
dwedge[ F] (el, dwedge[ F] (e2, e3));
elwe2we3 +F, ; €l -F, ;€2 +F, , €3
| elwe2we3 +F, ; el -F, ;€2 +F, , €3
[ > dwedge[ F] (dwedge[ F] (el, e2we3), e4);
dwedge[ F] (el, dwedge[ F] (e2we3, e4)); B %
-F, ;e2we4 +F, , e3wed +elwewedwed +(-F, ;F, ,+F, ,F;,)1d F, , elwe3 +, ,e2we3 +; , elwe2
-F, ;e2we4 +F, , e3wed +elwewedwed +(-F, ;F, ,+F, ,F;,)1d F, ,elwe3 +, ,e2we3 +; , elwe2
L 0
> dwedge[ F] (dwedge[ F] (el, e2we3), ed4web) ;
dwedge[ F] (el, dwedge[ F] (e2we3, edweb) ) ; %Wb %




F, 4 €2we3we5 +F; , elwe2web +F, ; elwedwed +(-F, ;F, ,+F, ,F;,) €6 —F, ;e2wedweS +F, , e3wedwed
- F, s e2we3wed —F; ; elwe2wed +elwe2wedwedwed —F, , elwedwed H-F, ,F; 5 +F; 4 F, 5) el
- (_F1,3 Fos+Fio F3,5) ed +(F1,4 Nl Fl,S) €2 _(F1,4 Fos=Fa4 Fl,S) €3

F, ,€2we3we5 +F, , elwe2we5 +F, ; elwedwed +(-F, ;F, , +F; ,F; ,) €5 -F; ;e2wedwes +, , eBwedwed
- F, 5 e2we3wed —F, ; elwe2wed +elwe2wedwedwes —F, , elwedwed H-F, ,F; 5 +F; ,F, ) el
- (_F1,3 Fos+Fio F3,5) ed +(F1,4 Rl Fl,S) €2 _(F1,4 Fos=Fa4 Fl,S) €3

L 0
[ Finaly, for some arbitrary random Clifford polynomials expressed in Grassmann undotted basis:
[ > u: =2+el- 3*e2we3+edwebweb:
v: =3-4*elwe2we3+e7:
z: =4- 2*e3wed+e5web- e8:
> dwedge[ F] (1d, u)=u; #unity
dwedge[ F] (u, 1 d) =u;
edwebweb +2 1d -3 e2we3 +el =2 + el —3 e2we3 +edweSweb
edwebweb +2 1d -3 e2we3 +el =2 + el —3 e2we3 +edweSweb
> dwedge[ F] (dwedge[ F] (u, v), z) : #associ ativity
dwedge[ F] (u, dwedge[ F] (v, 2)) : %86 %
L 0
[ We also have the following Commutative Diagram 5: Wedge in undotted and dwedge in dotted bases:

wedge(u,v) = convert(dwedge(convert(u,wedge to dwedge,F),convert(v,wedge to_dwedgeF)),dwedge to wedge,-F)

| which we show asfollows:
[ > uu: =convert (u, wedge_t o_dwedge, F); #u converted to dotted basis
vv: =convert (v, wedge_t o_dwedge, F); #v converted to dotted basis

ui:=21d+el -3e2we3 -3F, , Id +edweSwes +, 4 F, 65 F, €6

w:=3ld-4elwe2we3 -4F, ;el +4F ,e2 -4F, ,e3 +e7

[ > out 1: =dwedge[ F] (uu, vv): #dwedge conputed w.r.t. F

[ > out2: =convert (outl, dwedge_t o_wedge, -F); #previous result converted back to undotted
basi s

out2 := 4 elwe2we3wedwedbweb + elwe7 —9 e2we3 +edwedbwebwe?/ -3 e2wedwe? +2 e/ -8 elwe2we3 8 edwebweb

+61d +3el
[ > out 3: =wedge(u, v); #direct conputation of the wedge product in undotted basis

out3 := 4 elwe2we3dwedwebweb + elwe’/ —9 e2we3 +edwedbwebwe?/ -3 e2wedwe’/ +2 e/ -8 elwe2we3 8 edwebweb

| +6I1d +3€l
[ > out 2-out 3; #the sane results!

0
[ >
[ Example 4: (Dotted and undotted wedge bases) First we expand the basis of the original wedge into the dotted wedge and back.
For this purpose we choose dim_V=3 and consider CI(C,B) where the antisymmetric part of B is denoted by F (and its negative by
| FT), while the symmetric part of B is denoted by g.
> dimV: =3:

F:=array(1..dimV, 1. .dimV, anti symetric):

g:=array(1..dimV,1..dimV,symetric):

B: =eval n( g+F) :

FT: =eval m(-F):

F, FT = eval n(F), eval m(FT);

g, B = eval m(g), eval m(B);

w_bas: =cbasi s(di m_V); ## the wedge basis




FFT=|-F, 0 FaliF, 0 -Fy
“Fis “Fps O Fis Fas 0
9.1 Y92 Y13 911 Gi2tFi2 G3tFis
9B=|%12 %2 %s}|%2"Fi> 9.2 %,3*tFas
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w_bas:=[ld, el, €2, €3, elwe2, elwe3, e2we3, elwe2we3 ]
[ Now we map the convert function onto this basis to get the dotted-wedge basis (and back to test that this device works properly)
> d_bas: =nap(convert, w_bas, wedge_t o_dwedge, F);

t est _wbas: =map(convert, d_bas, dwedge_t o_wedge, - F);

d_bas:=[ld, el, €2, €3, elwe2 + F, , Id, elwe3 + F, ;1d, e2we3 +F, ; Id, elwe2we3 + F, ; €l -F, ;€2 +F, , €3]

test whas:=[Id, €1, €2, €3, elwe2, elwe3, e2we3, elwe2we3]
" Note that only the scalar Id and the one vector basis elementsei are unaltered and that the other basis elements of higher grade
pick up additional terms of lower grade (which preserves the filtration).

Itis possible to define aliases for the dotted wedge basis "monomials’ similar to the Grassmann basis monomials used by

| 'CLIFFORD'. For example, we could denote the element elwe2 + F[1,2]*Id by elde2 or e1We2, and smilarly for other elements:
> alias(elW2=elwe2 + F[1,2]*Id,
elWe3=elwe3d + F[1, 3]*Id,
e2We3=e2we3 + F[ 2, 3] *Id,
elVe2We3=elwe2we3+F[ 2, 3] *el- F[ 1, 3] *e2+F[ 1, 2] *e3);

elWe2, elWe3, e2We3, el\We2\We3
[ and then Maple will display automatically dotted basisin d_basin terms of the aliases:
> d_bas;

[Id, el, €2, €3, elWe2, e1We3, e2We3, e1We2We3]
" While command ‘chasis displays basis elements in the Grassmann basis by default, it is not difficult to write a new procedure that
would display the dotted basis instead. For example, procedure 'dottedbasis' returns such basis. Since we have defined aliases
| above, output from 'dottedcbasis' will be automatically converted to aliases:
[ > dottedcbasi s[F](3);
L [Id, el, €2, €3, elWe2, e1We3, e2We3, e1We2We3]
[ > dottedchasi s[F](3,"'even');
L [1d, elWe2, elWe3, e2We3]
[ > dottedchbasi s[F] (3, 2);

[ elWe2, elWe3, e2We3]
© With the procedure 'findbasis which returns linearly independent elements from alist, we can verify that the above lists contain
_ linearly independent elements:
> findbasi s(dottedcbasis[F](3));
L [1d, el, €2, €3, elIWe2, e1We3, e2We3, e1We2We3]
[ > findbasi s(dottedcbhasis[F](3,"even'));
L [1d, elWe2, elWe3, e2We3]
[ > findbasi s(dottedchasis[F](3,2));
L [ elWe2, elWe3, e2We3]
[ >
[ Example 5: (Commutative Diagram 1: Contraction in dotted and undotted bases) The contraction w.r.t. any bilinear form
works on both sets in the same manner which can be seen if we re-convert the dotted-wedge basis after the computation into the
wedge basis. In areasonable setting, the antisymmetric bilinear form F would be the antisymmetric part of B. To read more about
the left contraction LC in CI(B), go to the help page for LC or see[1, 2, 4]. Toillustrate this fact, we first compute left contraction
| by el of every element in the standard Grassmann wedge basis w_bas with respect to the entire form B:
> 'w_bas' =w _bas; #standard G assmann wedge basis in C (B)
L w_bas=[1d, el, €2, €3, elwe2, elwe3, e2we3, elwe2we3]
> w_wout : =map2(LC, el, w_bas, B) ; #l eft contraction LCin C(B) wwt. B in wedge basis

w_wout :=[0, 01 Id, (91,2 +qu2) Id, (91,3 +F1'3) Id, glqlez ‘(91,2 +qu2) el, gl’1e3 —(91’3 + F1,3) el,




L (9,,,+F;,)e83-(9,3+F; 3) €29, ,e2we3 (g, , +F, ,) elwe3 +(g, ; +F, ;) elwe?]

[ Next, we compute left contraction by el of every element in the dotted wedge basis d_bas with respect to the entire form B. Recall
| from the above that conversion from the wedge basis to the dotted wedge basis used the antisymmetric part F of B:
> 'd_bas' =d_bas; #dotted wedge basis in C (B)

d bas=[ld, el, €2, €3, elWe2, e1We3, e2We3, elWe2We3]
M > w_dout 1: =map2(LC, el, d_bas, B); #l eft contraction LCin C(B) wwt. Bin dotted wedge
basi s

w_doutl :=[0, 01 Id, (91,2 + F1,2) Id, (91,3 + F1’3) Id, g, ,€2 ‘(91,2 + F1,2) el, g ,e3- (91,3 + F1'3) el,

(91,2 tF;2)€3-(9;5+F; 5) €2,
g, ,€2we3 - (g, , +F; ,) elwe3d +(g, ; +F, ;) elwe2 +F, ;g, ,I1d —F, ;1dg, , #,,1dg, 5]
[ Notice that in the above coefficients of g, the symmetric part of B, are mixed with the coefficients of the antisymmetric part F of
B. To remove the F coefficients, we need to convert back the above result to the un-dotted standard Grassmann basis using the
| negative -F, that is, the negative of the antisymmetric part of B in the conversion process:
[ > w_dout: =map(convert, w dout 1, dwedge_t o_wedge, - F) ; #converting back to undotted basis
w_dout :=[0,9,,!d,1dg, ,+F, ,Id,1dg, ;+F, ;Id, g, ,€2-€elg, , -€lF, ,0,,€3-¢€lg, ;—€lF,

e3g, ,+F, ,e83-e2g, ; -F, ;€2,9,, e2we3 —elwe3 g, , —elwe3 F, , +elwe2 g, , +elwe2 F, ;]
r> map(si nplify,w dout-w wout);
L [0,0,0,0,0,0,0,0]
[ >
[ This computation shows clearly the isomorphy between both pictures. To show that the new structure is nevertheless valuable for
other reasons, we proceed with Clifford products.

r Example 6: (Commutative Diagram 2: Clifford product in dotted and undotted bases) We can build a Clifford algebra Cl(B)
over each basis set, that is, w_wout or w_dout, but with different bilinear forms: when B=g and when B=g+F (following notation
| from [1, 2, 4]), where g isthe symmetric part of B and F is the antisymmetric part of B:
> B, g, F=eval m(B), eval m(g), eval n(F); #previously defined

911 O12tFi2 G a*tFis| |01 G2 Gis 0 Fio Fuis
B,g,F=|0."Fi> 9,2 Bs*Fos)|%2 %2 G| Fiz 0 Fug
L O35 Fis O3~ Fas 933 O3 %3 Y3l Frs “Fo3 O
[ Let us compute some such Clifford products using the facility of cmul to take a bilinear form (here in matrix form) asindex. We
L will show an example with the following two elements:
[ > w_pl: =elwe?2;

w_p2: =a*e3+b*e2we3;
w_pl = elwe2
w_p2:=ae3+be2we3

" We can then define Clifford product ‘cmulg’ with respect to the symmetric part g, and another Clifford product ‘cmul B' with
| respect to the entire form B:
> cmul g: =proc() RETURN(cnul [g] (args)) end:
. cmul B: =proc() RETURN(cnul [ B] (args)) end:
[ Thus, we are ready to perform computations around our commutative diagram.

First, we compute Clifford product cmul[g] in CI(g), that is, with respect to the symmetric part g of the bilinear form B, of the two
| above defined elementsw_p1 and w_p2 expressed in undotted Grassmann basis.
> w outl:=crul g(w_pl,wp2); ## difford product w.r.t. g in C(g) in wedge basis
w_outl := aelwe2we3 +b (g, ,0; 30,30, ,) Id +bg, ,elwe3 -bg, ,e2we3 -bg, ;elwe2 +ag, ;el -ae2g, ;
[ Now, we convert each element p1 and p2 to the dotted wedge basis:
> d_p1l: =convert (w_pl, wedge_t o_dwedge, F);

d_p2: =convert (w_p2, wedge_t o_dwedge, F); #i nconplete conversion to elW2, etc. basis

d pl:=elWe2
d_p2:=ae3+be2we3 +bF, ;1d

[We now compute the Clifford product of d_pl and d_p2 in CI(B) in the dotted wedge basis:
> d_outl:=cmul B(d_pl,d p2); ## Cifford product wr.t. B=g+F in O (B) in dwedge basis




d outl:=aelwe2we3 —b (gz, 3F1270,2013 0, ,F1 3 ¥0,30,, tF, 5 91,2) Id +b g, , elwe3 -b g, , e2we3

—bgzvselwez +a(gzv3 + F2,3) el —a(gL3 +F1,3) e2 +F, ,aed

E We now convert the above result back to the un-dotted wedge basis:

[ > w_out 2: =convert (d_out 1, dwedge_t o_wedge, -F); ## convert result dwedge-> wedge

| w_out2 := aelwe2we3 +bldg, ,9, ; ~bldg, ;0, , +bg, ,elwe3 -bg, ,e2we3 by, ;elwe2 4ag, el ae2g, ;
[ Finally, we show that this result is the same as before when we computed Clifford product of pl and p2 in CI(g):

> sinmplify(w_outl-w out?2); ## show equal ity !

L 0

[ >
[ This shows (one can prove this) that the Clifford algebra Cl(g) of the symmetric part g of B using the undotted exterior basisis
isomorphic, as an associative algebra, to the Clifford algebra CI(B) of the entire bilinear form B = g + F spanned by the dotted
wedge basis if the antisymmetric part F of B is exactly the same F asis used to connect the two basis sets (cf. [1, 2, 4]).

[ Example 7: (Commutative Diagram 3: Reversion in dotted and undotted bases) We proceed to show that the expansion of
the Clifford basis elementsinto the dotted or undotted exterior products has also implications for other well known operations
such as e.g. the Clifford reversion. Only if the bilinear form is symmetric, we find that the reversion is grade preserving, otherwise
| it reflects only thefiltration (i.e. isin general a sum of terms of the same and lower degrees).

> reversion(elwe?2, B); #reversion with respect to B

reversion(elwe2,g); #reversion with respect to g (classical result)

-2F, ,1d —elwe2

L —elwe2

[ Observein the above that only when B[1,2]=B[2,1], the result is -elwe2 known from the theory of classical Clifford algebras.
| Likewise,

[ > cbas: =cbhasi s(3);

L chas:=[1d, €1, €2, €3, elwe2, elwe3, e2we3, elwe2we3]

[ > map(reversion, chas, B);

[1d, el, e2,€e3,-2F, ,1d —elwe2, -2 F, ;Id —elwe3, -2 F, ;1d —e2we3, —-elwe2we3 -2 F, ;el +2F, ;e2 -2F, , €3]

E If instead of B we use a symmetric matrix 'g' defined above, we obtain instead
[ > map(reversion,chas, g);

L [1d, €1, €2, €3, —elwe2, —elwe3, —e2we3, —elwe2we3]
[ Convert now elwe2 to the dotted basis and call it e1We2:

[ > convert (elwe?2, wedge_t o_dwedge, F);

elwe2

E Apply reversion to elWe2 with respect to F to get the reversed element in the dotted basis:
[ > reversed_elWe2: =reversi on(elWe2, F);

| reversed_elWe2 := -F, , Id —elwe2
[ Observe, that the above element is equal to the negative of elWe2 just like reversing elwe2 with respect to the symmetric part g

| of B:
[ > reversed _elWe2+elWe2;

L 0
[ Finally, convert reversed_elWe2 to the un-dotted standard Grassmann basis to get -elwe2:
[ > convert(reversed_elW?2, dwedge_t o_wedge, - F);

L —elwe2
[ The above, of course, can be obtained by applying reversion to elwe2 with respect to the symmetric part of B:
[ > reversion(elwe?2,g); #reversion with respect to the symetric part g of B

—elwe2

[ This shows that the dotted wedge basisis the particular basis which is stable under the Clifford reversion computed with respect to
F, the antisymmetric part of the bilinear form B. This requirement allows one to distinguish Clifford algebras Cl(g) which have a
symmetric bilinear form g from those which do not have such symmetric bilinear form but a more general form B instead. We call
the former classical Clifford algebras while we use the term quantum Clifford algebrasfor the general
non-necessarily-symmetric case.

( Example 8: It is easy to write awrapper for the Graldmann co-product too. Since the co-product & gco makes essential use of the



decomposition of elementsinto one-vectors, we expect that the dotted-Gral3mann co-product will depend on F, that is, then
antisymmetric part of B. First we have to load Bigebra package.

NOTE: &gco_d computes the dotted Gralmann co-product in the undotted wedge basis! (The Grafl3mann co-product on the dotted
wedge basis w.r.t. the dotted wedge basis is according to the isomorphy theorem for those algebrasidentical to the original
Gral3mann co-product).

r> wi t h(Bi gebra);

I ncrease verbosity by infolevel[ function ]=val -- use online help > ?Bigebra[ hel p]

[ &cco, &gco, &gco_d, &gco_pl, &map, &v, EV, VERSON, bracket, contract, drop_t, eps, gantipode, gco_unit, gswitch,

hodge, linop, linop2, lists2mat, lists2mat2, make BI_Id, mapop, mapop2, meet, op2mat, op2mat2, pairing, peek, poke,
L remove_eq, switch, tcollect, tsolvel]
[> w_pl: =elwe?;
w_p2: =&gco_d(w_p1l);
w_pl = elwe2
w_p2:=(ld&telwe?) +F, , (Id&tld) +(el &te2) —(e2&tel) +Helwe2 &tld)

E The following examples compose the dotted co-product with dotted and undotted wedge (acting on awedge basis!!)
[ > dwedge[ F] (el, e2);
dwedge[ F] (el, e2, e3) ;

elwe2
L elWe2We3
[ Wethen substitute "&dw™ and “&w" for the tensor product sign “&t™ and evaluate. We will show the results sided by side for easier
| comparison:
[ > subs( & = &dJw , &yco_d(I1d));sinmplify(%;
subs( & =" &wW , &gco_d(1d));sinplify(%:
Id &dw Id
Id
Id&w Id
L Id
[ > subs( & = &dJw , &gco_d(el));sinmplify(%;
subs( & "= &w , &gco_d(el));sinmplify(%;
(ld &dw el) + (el &dw Id)
2el
(ld&wel) + (el &w Id)
L 2el
[ > subs( & = &dJw , &gco_d(e2));sinmplify(%;
subs( & =" &w , &gco_d(e2));sinmplify(%;
(Id &dw €2) + (€2 &dw Id)
2e2
(ld &w e2) + (e2 &w Id)
L 2e2
[ > subs( & = &Jw , &gco_d(elwe2));sinplify(9;
subs( & =" &wW , &gco_d(elwe2));sinmplify(%;
(1d &dw elwe2) +F, , (Id &dw Id) +(el &dw e2) —(e2 &dw el) +elwe2 &dw Id)
4elwe2 +3F, ,1d
(ld&welwe?) +F, , (Id&wld) +(el &we2) —(e2&wel) +Helwe2 &w Id)
| 4elwe2 +F, ,1d
[ > subs( & = &Jw , &gco_d(elwe3));sinplify(N;
subs( & =" &w , &gco_d(elwed));sinmplify(%;

(1d &dw elwe3) +F, ;(Id &dw Id) +(el &dw e3) —(e3 &dw el) +elwe3 &dw Id)
4elwe3 +3F, ;1d




(ld&welwe3) +F, ;(ld&wld) +(el &we3) —(e3&wel) Helwe3 &w Id)
4elwe3 +F, ;1d

T> subs(" & ="&w , &gco_d(e2we3)): sinmplify(%;

subs(" & =" &w , &gco_d(e2we3));sinmplify(9N;

(1d &dw e2we3) +F, , (1d &dw Id) +(e2 &dw e3) —(e3 &dw €2) +(e2we3 &dw Id)
4e2we3 +3F, ,1d
(ld&we2we3) +F, ;(Id&wld) +(e2&w e3) —(e3 &w €2) +e2we3 &w Id)

] 4e2we +F, ,1d
[ > subs( & =" &JIw , &gco_d(elwe2we3d));sinmplify(%;

subs( & =" &w , &gco_d(elwe2we3));sinmplify(%;

(1d &dw elwe2we3) +F, ; (Id &dw el) —F, ; (Id &dw €2) +F, , (Id &dw e3) H(el &dw e2we3) +, ; (el &dw Id)
- (e2 &dw elwe3) —-F, ; (€2 &dw Id) +(elwe2 &dw e3) +(e3 &dw elwe2) +, ,(e3&dwld) elwe3 &dw €2)
+ (e2we3 &dw el) +(elwe2we3 &dw Id)
8elwe2we3 +6F, ;el -6F, ;2 +6F, ,€3
(I1d &w elwe2we3) +F, ; (Id&wel) -F, ; (Id&we2) +F, , (Id&w e3) +el &w e2we3) +, (el &wId)
—(e2&welwel) -F, ;(e2&wId) +(elwe2 &w e3) +He3&welwe2) +, ,(e3&wld) «{elwe3&w e2)
+(e2we3 &w el) +(elwe2we3 &w Id)
8elwe2wed +2F, el -2F, ;€2 +2F, , €3

" Itisof utmost importance, that in these calculations we find that the usual loop tangle mult \citc Delta { mult} which come up witr
the dimension of the spaces involved fails here. This might have an strong impact on the renormalization theory in QFT.

Note however, that if we do everything in the same algebra we end up with the correct factor 2*(grade_of x) for the dotted
| bi-vector elwe2:
> d_pl: =&gco_d(dwedge[ F] (el, e2));
| d_pl:=(ld&telwe2) +2F, ,(ld&tld) +(el &te2) —(e2&tel) +Helwe2 &tld)
[ > drop_t (&map(d_pl, 1, dwedge[ F]));
| 4elwe2 +4F, ,Id
[ > d_p2: =convert (% wedge_t o_dwedge, F); #cones up with the factor 4 in the dotted basis
"d_p2' =-4*reversion(elwe?);
d_p2:=4elwe2 +8F, ,Id
d_p2=4elwe2+8F, ,Id

[ >
[ >

ﬂ See Also: Bigebra:-"&gco’, Bigebra:-"& cco’, Bigebra:-&t", Bigebra:-drop_t, Bigebra:-"& map’
(c) Copyright October 8, 1995, by Rafal Ablamowicz & Bertfried Fauser, al rights reserved.

| Last modified: November 5, 2002, RA/BF.




_‘J\ Function: Cliplus:-'convert/dwedge to wedge’, Cliplus:- convert/dwedge to wedge™ - converting between wedge and dotted
wedge

Calling Sequence:

cl := convert(pl,wedge to_dwedge,F)

c2 := convert(p2,dwedge _to_wedge,FT)

Parameters:

e pl- Clifford polynomial expressed in terms of un-dotted standard Grassmann wedge basis (element of one of these types:
“type/clibasmon’, “type/climon’, “type/clipolynom’)

e p2 - Clifford polynomial in dotted basis (although still expressed in terms of the standard Grassmann wedge monomials)

» F, FT - argument of type name, symbol, matrix, array, or “&* " (numeric,{ name,symbol ,matrix,array}). When F and FT are
matrices or arrays, they are expected to be antisymmetric and negative of each other, that is, FT = linalg[transpose] (F).

« Fisassumed to be, by default, the antisymmetric part of B.
Output:

e ¢l : aClifford polynomial expressed in terms of the un-dotted Grassmann basis

e ¢2: aClifford polynomial in "dotted" basis expressed in terms of the standard Grassmann basis

H Description:

» These two functions are used by the dotted-wedge in CI(B) given by dwedge. The latter accompanies the Graldmann wedge
product, but differsin its graduation. In fact both products are isomorphic as exterior products, but relay on different filtrations.
The dotted wedge product and the undotted one are related by the process of cliffordization which is used in CLIFFORD
internally to compute the Clifford product in CI(V,B). However, the cliffordization is performed in this case by an antisymmetric
bilinear form B=F, say F(x,y)=-F(y,X), where x and y are 1-vectorsin V.

* NOTE: Til now both types of algebras are expanded (formally) over the same basis Grassmann monomials which, according to
CLIFFORD's convention, are written as eiwgj... . It is the responsibility of the user to keep track which type of wedge he/sheis
using and which expression is based on which exterior product, dotted or undotted. It isagood idea it to assign such expressions
to adescriptive |hs, see below.

* References.

[1] Ablamowicz, R.: “Helmstetter formula and rigid motions with CLIFFORD”, in "Advances in Geometric Algebrawith
Applicationsin Science and Engineering -- Automatic Theorem proving, Computer Vision, Quantum and Neural Computing, and
Robotics", Eds. Eduardo Bayro-Corrochano and Garret Sobczyk, Birkhduser, 2002.

[2] Ablamowicz, R. and Bertfried Fauser: “On the decomposition of Clifford algebras of arbitrary bilinear form”, Rafal
Ablamowicz and Bertfried Fauser, in “Clifford Algebras and their Applicationsin Mathematical Physics’, Eds. Rafal
Ablamowicz and Bertfried Fauser, Vol. 1: Algebraand Physics, Birkhduser, Boston, 2000, pages 341--366 (see also
http://www.birkhauser.com/cgi-win/isbn/0-8176-4182-3).

[3] “Clifford Algebras and their Applications in Mathematical Physics’, Eds. Rafal Ablamowicz and Bertfried Fauser, Val. 1:
Algebraand Physics, Birkhauser, Boston, 2000, (ISBN 0-8176-4182-3) (for more information go to
http://math.tntech.edu/rafal/mexico/mexico.html).

[4] Ablamowicz, R. and P. Lounesto: “On Clifford algebras of a bilinear form with an antisymmetric part,” with P. Lounesto, in
“Clifford Algebras with Numeric and Symbolic computations”, Eds. R. Ablamowicz, P. Lounesto, and J. Parra, Birkhauser,
Boston, 1996, pages 167-188.

[5] “Clifford Algebras with Numeric and Symbolic Computations’, Eds. Rafal Ablamowicz, Pertti Lounesto, and J. Parra,
Birkh&user, Boston, 1996 (ISBN 0-8176-3907-1).

H Examples:

>restart:with(difford):with(diplus);
Cliplus has been | oaded. Definitions for type/clinon and type/clipolynomnow include & and &JK]. Type
?cliprod for help.




| [ LChig, RChig, clibasis, clieval, cliexpand, climul, clirev, dottedcbasis, dwedge, makeclialiases]
[ Example: (Dotted and undotted wedge bases) Let usfirst expand the basis of the original wedge into the dotted wedge and
| back. For this purpose we choose dim_V=3 and set up a antisymmetric bilinear form F and its negative FT:
[ > convert (elwe2, wedge_t o_dwedge, K);
elwe2 +K, , Id
> convert (% dwedge_t o_wedge, - K);

L elwe2
> dimV:=3:
F:=array(1..dimV, 1. .dimV, anti symetric):
F=eval m(F);

FT: =li nal g[transpose] (F);

FT:={F, 0 -Fyq
L F1,3 F2,3 0
[ > w_bas: =cbasi s(dimV); ## the wedge basis
g:=array(l..dimV,1. .dimV,synmetric):
B: =eval n{ g+F) ;
w_bas:=[ld, el, €2, €3, elwe2, elwe3, e2we3, elwe2we3 ]
911 912tF, 9 3tF;
B:=|91,"Fi> 9 2 % 3+F, s
L O35 Fis O3~ Fas 933
[ Now we map the convert function onto this basis to get the dotted-wedge basis (and back to test that this device works properly)
[ > d_bas: =map(convert,w bas, wedge_t o_dwedge, F) ;
d_bas:=[ld, el, €2, €3, elwe2 + F, , Id, elwe3 +F, ;Id, e2we3 +F, ,1d, elwe2we3 +F, ; el -F, ;€2 +F, , €3]
> test _wbas: =map(convert, d_bas, dwedge_t o_wedge, - F) ;
test_ whas:=[Id, el, 2, €3, elwe2, elwe3, e2we3, elwe2we3]

" Note that only the scalar 1d and the one vector basis elements el are unaltered and that the other basis elements of higher grade
pick up additional terms of lower grade (which preserves the filtration).

It is possible to define aliases for the dotted wedge basis "monomials’ similar to the Grassmann basis monomials used by
| 'CLIFFORD'. For example, we could denote the element elwe2 + F[1,2]*Id by elde2 or elWe2, and smilarly for other elements:
[ > alias(elWe2=elwe2 + F[1,2]*Id,
elWe3=elwe3d + F[1, 3]*Id,
e2We3=e2we3 + F[2, 3] *1d,
elWe2We3=elwe2we3+F[ 2, 3] *el- F[ 1, 3] *e2+F[ 1, 2] *e3);
elWe2, elWe3, e2We3, el\We2We3

[ and then Maple will display automatically dotted basisin d_bas in terms of the aliases:
> d_bas;

[1d, el, €2, €3, elWe2, e1We3, e2We3, elWe2We3]
" While command ‘chasis displays basis elements in the Grassmann basis by default, it is not difficult to write a new procedure that
would display the dotted basis instead. This procedureis called 'dottedcbasis. Since we have defined aliases above, output from
| 'dottedcbasis will be automatically converted to aliases:
[ > dottedcbhasi s[F] (3);
L [1d, el, €2, €3, elWe2, e1We3, e2We3, elWe2We3]
[ > dottedcbhasi s[F] (3, even');
L [1d, elWe2, e1We3, e2We3]
[ > dottedcbasi s[F] (3, 2);

[ elWe2, elWe3, e2We3]



[ With the procedure 'findbasis which returns linearly independent elements from alist, we can verify that the above lists contain

| linearly independent elements:

> findbasi s(dottedchasis[F](3));

L [1d, el, €2, €3, elWe2, e1We3, e2We3, e1We2We3]

[ > findbasi s(dottedchasis[F](3,"'even'));

L [1d, elWe2, elWe3, e2We3]

[ > findbasi s(dottedchasis[F](3,2));

L [ elWe2, elWe3, e2We3]

[ Example 2: (Commutative Diagram: Reversion in dotted and undotted bases) We proceed to show that the expansion of the
Clifford basis elements into the dotted or undotted exterior products has also implications for other well known operations such as
e.g. the Clifford reversion. Only if the bilinear form is symmetric, we find that the reversion is grade preserving, otherwise it

| reflects only thefiltration (i.e. isin general a sum of terms of the same and lower degrees).

[ > reversion(elwe?); #reversion wr.t. B (inplicit)
reversion(elwe2,B); #reversion w.r.t. B (explicit - only antisymetric part F
matters)
reversion(elwe2, F); #reversion w.r.t. B (explicit - only antisymetric part F
matters)

reversion(elwe2, g); #reversion wr.t. g (classical result)
-2F, ,1d —elwe2
-2F, ,1d —elwe2
-2F, ,1d —elwe2

L —elwe2
[ Observein the above that only when B[1,2]=B[2,1], the result is -elwe2 known from the theory of classical Clifford algebras.
| Likewise,
[ > cbas: =chasi s(3);
L chas:=[1d, el, €2, €3, elwe2, elwe3, e2we3, elwe2we3 ]
[ > map(reversion,chas, B); #explicit use of B=g + F
map(reversion, cbas, F); #one use the antisymetric part of B only
[1d,el,e2,e3, -2F, ,1d —elwe2, -2 F, ;Id —elwe3, -2F, ,1d —e2we3, -2 F, , €3 —elwe2we3 -2F, ;el +2F, ;€]

| [ld,el,e2,e3,-2F, ,Id -elwe2, -2F, ;1d —elwe3, -2 F, , Id —e2we3, -2 F, , €3 —elwe2we3 -2F, ;€1 +2F, ;€2]

[ If instead of B we use the symmetric part g of B, we obtain instead

[ > map(reversion, cbhas, Q) ;

L [1d, el, €2, €3, —elwe2, —elwe3, —e2we3, —elwe2we3]

[ Convert now elwe?2 to the dotted basis and call it elWe2:

[ > convert (elwe2, wedge_t o_dwedge, F);

L elwe2

[ Apply reversion to elWe2 with respect to F to get the reversed element in the dotted basis:

[ > reversed_elW2: =reversi on(elW2, F);

| reversed_elWe2 := -F, , Id —elwe2

[ Observe, that the above element equal's the negative of elWe2 just like reversing elwe2 with respect to the symmetric part g of B:

[ > reversed_elW2+elWe2;

L 0

[ Finaly, convert reversed_elWe2 to the un-dotted standard Grassmann basis to get -elwe2:

[ > convert(reversed_elW2, dwedge_t o_wedge, - F);

L —elwe2

[ The above, of course, can be obtained by applying reversion to elwe2 with respect to the symmetric part of B:

[ > reversion(elwe?2,q); #reversion with respect to the synmetric part g of B

L —elwe2

[ This shows that the dotted wedge basisis the particular basis which is stable under the Clifford reversion computed with respect to
F, the antisymmetric part of the bilinear form B. This requirement allows one to distinguish Clifford algebras Cl(g) which have a
symmetric bilinear form g from those which do not have such symmetric bilinear form but a more general form B instead. We call
the former classical Clifford algebras while we use the term quantum Clifford algebrasfor the general




L non-necessarily-symmetric case.

[ >
[ >
[ >
H See Also: Bigebra:-help, Cliplus.-dwedge, Clifford:-reversion, Clifford:-cbasis
(c) Copyright October 8, 1995, by Rafal Ablamowicz & Bertfried Fauser, al rights reserved.
| Last modified: November 5, 2002, RA/BF.




_‘J\ Function: Cliplus:-LChig - extends the |eft contraction procedure 'L C' from 'CLIFFORD'

Calling Sequence:

LCbig(p1,p2);
L Chbig(pl,p2,name);

Parameters:

pl, p2 - any two Clifford polynomials expressed in Grassmann or Clifford basis
name - (optional) parameter of type 'name’, 'symbol’, ‘array’, or 'matrix’ or ‘array’, or “&**(numeric,{ name,symbol ,matrix,array})

H Description:

 This procedure extends procedure Clifford:-L C from 'CLIFFORD'. Recall, that LC(u,v) was avalid input for 'LC' provided u and
v were polynomialsin Cl(V,B) expressed in Grassmann basis, that is, expressions of type, "type/clibasmon’, “type/climon’, or
“type/clipolynom’. For completness, procedure 'L C' was also accepting “type/cliscalar” for uand v.

« After loading 'Cliplus, procedure 'LC' will have the same properties as 'L C' plus the additional versatility afforded by the
procedure 'LChig'. That is, it can now accept polynomial expressions for u and v that contain monomial terms of “type/cliprod’,
that is the unevaluated Clifford product "& C". Notice, that when 'Cliplus' is loaded, definitions of “type/climon’ and
“type/clipolynom’ are extended to include monomial terms with expressions “&C".

* NOTE: When using & C with an optional index, enclose & C in left quotesasin "& C'[K].

« When optional parameter of type 'name' is used, then it replaces B in computations. See examples below.

H Examples:

[ > restart:bench:=tinme():with(difford):

[ Example 1: Procedure 'LC' gives the left-contraction in the Clifford algebra CI(B) of any element v by any element u from the
| left, thatis, LC(u,v) =u _|vin CI(V,B).

[> u:=2*elwe3+ed+l d; v: =2*elwe2we3+elwe?;

LC(u, Vv);
u:=2elwe3 +e4 +1d

v .= 2 elwe2we3 + elwe2

Ciplus has been | oaded. Definitions for type/clinon and type/clipolynomnow include & and & K]. Type
?cliprod for help.

4B, ,B, ,e3-4B;,B, ;€2-4B;,B, ;€3 +4B;,B, ;el +4B, ;B, ;€2 4B, ;B, ,el 2B;,B,,ld 2B;,B, ,Id
+2B, ,e2we3 -2B, ,elwe3 +2B, ;elwe2 +B, ;€2 B, ,el 2 elwe2we3 -elwe?2

E Ir is possible to use 'L C' with an optional parameter of type 'name’:
> LC(u, v, K);

4K, Ky 8- 4K, K, €2 4K, K, ;€3 +4K, , K, el +4K, K, 2 4K, K, el 2K, K, ,Id
—2K, , K, 4 1d +2K, , e2we3 —2K, , elwe3 +2K, jelwe2 +K, €2 K, el felweawe3 €lwe2

" For example, it iswell known that the Clifford product cmul(x,v) = x _| v + wedge(x,v) where v is any element in Cl(V,B), and x
| isal-vector in Cl(V,B):
[ > x:=2*el-2*e2+e3;

Xx:=2el-2e2 +e3
> out 1: =cnul (x, Vv);

outl:=2(B; ;-2B, ; +2B, ;) elwe2 +2(2B, ; +B; , -2B, ;) e2we3 -2(2B, , +B; , 2B, ,) elwe3 +elwe2we3
-(2B,,+B;, -2B,,)el +(2B,; +B;; 2B, ,) €2

> out 2: =LC(x, v) + wedge(x, Vv);

out2:=4B, ; e2we3 -4 B, ,elwe3 +4 B, ;elwe2 +2B, ;€2 -2B, ,el 4B,  e2we3 #4B, ,elwe3 4B, ;elwe2
-2B,,€2+2B, ,el +2B, , e2we3 -2B; ,elwe3 2B, ;elwe2 B;,e2 B,,el €lwe2we3

> out 1-out 2;

2(B;3-2B,;+2B, ;) elwe2+2 (2B, ; +B; ; -2B, ;) e2we3 -2(2B, , +B; , -2 B, ,) elwe3
(2B, ,+B;, -2B,,)el +(2B, ; +B;;, -2B,,) €2 -4B, , e2we3 +4B, ,elwe3 4B, ;elwe2 2B, €2




+2B, ,el +4B,, e2we3 -4 B, ,elwe3 +4B, ;elwe2 +2B,,e2 2B,,el 2B,,e2we3 2B, ,elwe3

—-2B; ;elwe2 -B; ;€2 +B, , €l
[ >
[ We can repeat the above computations using a different form. For example, it iswell known that the Clifford product cmul(x,v) =
L X _| v+ wedge(x,v) wherev isany element in Cl(V,H), and x isa 1-vector in Cl(V,H):
[ > Xx:=2*el-2*e2+e3;
X:=2el-2€e2 +e3
> out 1: =cnul [H] (x, V);
outl:=2(H; 3 —2H, 5 +2H, ;) elwe2 +2(2H, ; +H;, -2H, ;) e2we3 -2(2H, , +H; , -2 H, ,) elwe3 +elwe2we3

—(2H, ,+H;, -2H,,) el +(2H, , +H;, —-2H, ) e2
> out 2: =LC(x, v, H) + wedge(x, V) ;
out2:=4H, , e2we3 -4 H, ,elwe3 +4H, jelwe2 +2H, ;€2 -2H, ,el 4H, e2we3 #4H, ,elwe3 4H, ;elwe2

-2H,,e2+2H, ,el +2H, , e2we3 -2H; ,elwe3 2 H, ;elwe2 #H;,e2 H;,el elwe2we3
> sinplify(outl-out?2);
0
> printf("Wrksheet took % seconds to conpute on a 800MHz AMD At hl on Thunderbird 512

RAM machi ne with Wn XP Professional\n",tine()-bench);
Wor ksheet took 8.201000 seconds to conpute on a 800MHz AMD Athlon Thunderbird 512 RAM nmachine with Wn X
L P Prof essional
[ >
[ Example 2: 'LC' expects its arguments to be entered in Grassmann basis. Since the unevaluated Clifford basis can also be used in
CI(V,B) instead of the Grassmann basis, we need to |oad package 'Cliplus’ which contains procedure 'L Chig'. 'LChig' is used
internally by 'CLIFFORD' to compute with Clifford polynomials rather than Grassmann polynomials (of “type/clipolynom).
| Conversions from one basis to the other can be done with procedures Cliplus:-clieval and Cliplus:-cliexpand as follow:
> restart:bench:=tinme():with(difford):with(diplus);
u: =2*elwe3+ed+l d; v: =2*elwe2we3+elwe?;

Ciplus has been | oaded. Definitions for type/clinon and type/clipolynomnow include & and & K]. Type
?cliprod for help.

[ LCbig, RChig, clibasis, clieval, cliexpand, climul, clirev, dottedcbasis, dwedge, makeclialiases]
u:=2elwed +e4 +Id
v =2 elwe2we3 + elwe?
> 'u' =u; #elenent u, as defined above, in G assnmann basis
'v'=v; #elenent v, as defined above, in G assnmann basis
u=2elwe3d +e4 +Id
v = 2 elwe2we3 + elwe?

> uu: =cl i expand(u, B); #u converted to Clifford basis with 'cliexpand
vv: =cl i expand(v, B); #v converted to Clifford basis with 'cliexpand

uu:=2&Cy(el, e3) -2B, ;Id +e4 +Id
w:=2&Cy(el, e2,e3)-2B, ;el +2B, ;€2 -2B, ,e3 +&Cy(el, e2) B, ,Id

> clieval (uu); #uu converted back to Grassnmann basis gives the original u
clieval (vv); #vv converted back to Grassmann basis gives the original u

2elwe3 +e4 +1d
2 elwe2we3 + elwe?

E One can now apply 'LC' to uu and vv:
[ > out 3: =LC(uu, vv, B);

out3:=4B,,B, ,e3-4B,,B, ;€2 4B, ,B, , €3 +4B, ,B, el +4B, ,B,,e2 4B, ;B ,el 2B,,B,,Id
-2B,,B,,Id +2B, , &Cy(€2,€3) 2B, , B, ,1d 2B, ,&Cy(el, e3) 2B, ,B, ,1d 2B, ;&Cy(el, €2)

-2B, B, ,1d +B, €2 -B, ,el +2&Cy(el, €2,€3) 2B, el 2B, ;e2 2B, ,e3 &Cyel, €2) B, ,Id

E This result, when converted back to the Grassmann basis should give:
> out 4: =LC(u, v, B);

out4:=4B,,B, ,e3-4B,,B, ;2 -4B, ,B, , €3 +4B, ,B, ,€l +4B, ,B, ;€2 4B, ;B ,el 2B, B, ,Id




L

-2B,,B,,Id +2B, , e2we3 -2B, , elwe3 +2B, ;elwe2 +B,,62 B, el 2elwe2we3 -elwe2

[ solet's convert back ‘out3' to Grassmann basis and compare with out4:

>

out 5: =cl i eval (out 3);

out5:=4B,, B, ,e3-4B,,B, ;2 -4B, ,B, , €3 +4B, ,B, ,€l +4B, ,B,, €2 4B, ;B ,el 2B, B, ,Id

-

[ >

—ZBglzBmld +2B,  €2we3 -2B, ,elwe3 +2B, ;elwe2 +B8,,e2 B, ,el Relwe2wed €lwe2
out 5- out 4,
0

[ Now let's see the mixed input:

[ >

[ >

[ >

out 6: =LC( u, vv, B);

outé:=4B,,B, ,e3-4B,,B, ;2 4B, ,B, , €3 +4B, ,B, ,€l +4B, ,B,, €2 4B, ;B ,el 2B, B, ,Id

-2B,,B,,Id +2B, , &Cy(€2,€3) -2B,, B, ,1d 2B, ,&Cy(el, e3) 2B, ,B, ,1d 2B, ;&Cy(el, €2)
~2B,,B,,!d +B,, €2 -B, ,el +2&Cy(el, €2,e3) 2B, el 2B, ,e2 2B, ,e3 &Cyel, e2) B, ,Id

E which should be the same as out5 after conversion to Grassmann basis;

clieval (out6)-out5;

out 7: =LC(uu, v, B);

out7:=4B,,B, ,e3-4B,,B, ;2 4B, ,B, , €3 +4B, ,B, el +4B, B, ,e2 4B, ;B ,el 2B,,B,,Id

-2B,,B,,Id +2B, , &Cy(€2,€3) -2B,, B, ,1d 2B, ,&Cy(el, e3) 2B, ,B, ,1d 2B, ;&Cy(el, €2)
-2B, B, ,1d +B,, €2 -B, ,el +2&Cy(el, €2,€3) 2B, el 2B, ;e2 2B, ,e3 &Cyel, €2) B, ,Id

> out 7- out 6;
L 0
[ Note these special cases:
> LC(0, 2);
L 0
> p:=a*l d+2*elwe3;

>

[ >

[ >

[ >

[ >

p:=ald+2elwe3

LC(O, p);

0
LC(2, 3);

6
LC(2*1d, 3);

61d
LC(2*1d, 3*1d);

61d

[ Example 3: Variousinputs containing “& C'[K]:

[ >

>

>

[ >

LChig( & C [K] (el,e2), & C [K] (e3,e4)); ##<<<--- Error because contraction is wr.t. B

Error, (in diplus:-LChig) optional (or default B) parameter in LChig differs fromindices encountered
inits cliprod argunents. Found these nanes as indices of & {B, K}

LChig("&C [K] (el,e2), & C [K] (e3,e4d),K); ##<<<--- No error because contraction is
wr.t. K

K, s Ky 41d =K, 4K 51d +K, , &Cy (€3, e4)
LChig("&C [-K](el,e2), & [-K](e3,ed),-K); #i#<<<--- No error because contraction is
wr.t. -K

K, 3Ky 41d=K; 4Ky 51d =K, , &C (€3, e4)
printf("Wrksheet took % seconds to conpute on a 800MHz AMD At hl on Thunderbird 512
RAM machi ne with Wn XP Professional\n",tine()-bench);

Wor ksheet took 16.103000 seconds to conpute on a 800MHz AMD At hl on Thunderbird 512 RAM nachine with Wn
L XP Prof essi onal



L[>
See Also: Clifford:-cmul, Clifford:-clicollect, Cliplus:-clieval, Cliplus:-cliexpand, Clifford:-makealiases, Clifford:-wedge

(c) Copyright October 8, 1995, by Rafal Ablamowicz & Bertfried Fauser, al rights reserved.
Last modified: November 5, 2002, RA/BF.




_‘J\ Function: Cliplus:-makeclialiases - define aliases for Clifford basis monomialsin CI(K)

Calling Sequence:

makeclialiases(p);
makeclialiaseg K](p);
makeclialiases(p,s);
makecliaiasegK](p,s);

Parameters:

p - positive integer such that 1<=p<=9
s - (optional) parameter ‘ordered' or "ordered"
| K - (optional) index for the inert Clifford product "&C

H Description:
» The procedure defines and displays aliases for Clifford basis monomials which are of type 'cliprod'. See Clifford:-cliprod for more
information.

* |tispossibleto use optiona index, e.g., K. In this case, Clifford basis will be expressed in terms of “& C'[K](€el,e2), etc.

« Positiveinteger p defines the dimension of the vector space V whose basis elements generate CI(V).

* Inorder to evaluate these aliases, use ‘eval' command.

« When used with the optional argument, it defines only aliases for ordered monomials. Thisistime and memory saving feature.

e This procedureis similar to Clifford:-makealiases from the 'CLIFFORD' package which defines aliases for Grassmann
monomials.

D-] Examples:

> restart:with(difford):with(diplus);
Ciplus has been | oaded. Definitions for type/clinon and type/clipolynomnow include & and & K]. Type
?cliprod for help.

L [ LCbig, RChig, clibasis, clieval, cliexpand, climul, clirev, dottedcbasis, dwedge, makeclialiases]
> type(el & C e2,cliprod);

type( & [K] (el, e2),cliprod);

type(" & [-K] (el, e2),cliprod);

true
true

L true
[ > makeclial i ases(2);
makecl i al i ases[ K] (2);
makecl i al i ases[-K] (2);
dias(el2 =el &Ce2, e21 =e2 &C el)
dias(el2 = &C,(el, €2), €21 = &C, (€2, el))

| adias(el2 =&C_,(el, e2), e21 = &C_ (€2, el))
[ Command 'eval’ is not built-in into 'makeclialiases' (likeit is not built-in into the procedure 'makealiases’) in order to display
| aiases before they are evaluated. Once aliases are evaluated, there is no way for Maple to show what these aliases represent.

> eval (9;

L €12, e21l

[ Theaboveisalist of all aliases currently defined in this worksheet. Notice that Maple also displays | which isthe Maple aiasfor
L sort(-1).

> restart:with(difford):with(diplus);
Ciplus has been | oaded. Definitions for type/clinon and type/clipolynomnow include & and & K]. Type
?cliprod for help.

L [ LCbig, RChig, clibasis, clieval, cliexpand, climul, clirev, dottedcbasis, dwedge, makeclialiases]
> makeclialiases(3, ' ordered');

dias(el2=el &Ce2,el3=el &Ce3,e23=e2&Ce3,e123=&C(€el, €2, €3))




> eval (9;
€12, e13, €23, €123
> makeclialiases[X] (3, " ordered');
aias(el2 =&C,(el, e2), e13 =&C,(el, €3), €23 = & C,( €2, €3), €123 = & C,(€el, €2, €3))
> eval (9;
€12, e13, €23, €123
> makeclialiases[-X] (3, ordered');
aias(el2 =& C_,(el, €2),el3=&C_.(el, €3), €23 =& C_ (€2, €3), €123 =& C_,(€l, €2, €3))
> eval (9;

L €12, e13, €23, €123
[ >
[ >
| [ Thistime, we have only defined aliases for ordered Clifford monomials.
ﬂ See Also: Cliplus.-clieval, Cliplus:-clibasis, Clifford:-makealiases

(c) Copyright October 8, 1995, by Rafal Ablamowicz & Bertfried Fauser, al rights reserved.
| Last modified: November 5, 2002, RA/BF.




_‘J\ Function: Cliplus:-RCbig - extends the right contraction procedure 'RC' from 'CLIFFORD'

Calling Sequence:

RCbig(pl,p2);
RCbig(p1,p2,name);

Parameters:

pl, p2 - any two Clifford polynomials expressed in Grassmann or Clifford basis

| name - (optional) parameter of type 'name’, 'symbol’, 'matrix’, or ‘array’, or “&*“(numeric,{ name,symbol ,matrix,array})

H Description:

 This procedure extends procedure Clifford:-RC from 'CLIFFORD'. Recall, that RC(u,v) was avalid input for '‘RC' provided u and

v were polynomialsin Cl(V,B) expressed in Grassmann basis, that is, expressions of type, “type/clibasmon’, "type/climon’, or
“type/clipolynom’. For completness, procedure 'RC' was also accepting “type/cliscalar” for uand v.

 After loading 'Cliplus, procedure 'RC' will have the same properties as 'RC' plus the additional versatility afforded by the
procedure 'RCbig'. That is, it can now accept polynomial expressions for u and v that contain monomial terms of “type/cliprod’,
that is the unevaluated Clifford product "& C". Notice, that when 'Cliplus' is loaded, definitions of “type/climon’ and
“type/clipolynom’ are extended to include monomial terms with expressions “&C".

* NOTE: When using & C with an optional index, enclose & C in left quotes asin "& C'[K].

« When optional parameter of type 'name' is used, then it replaces B in computations. See examples below.

H Examples:
[>restart:with(difford):
[ Example 1: Procedure 'RC' gives the right-contraction in the Clifford algebra Cl(B) of any element u by any element v from the
L right, that is, RC(u,v) =u|_vin CI(V,B).
[> u:=2*elwe3+ed+l d; v: =2*elwe2we3+elwe?;
RC(u, v);
u:=2elwed +e4 +Id

v .= 2 elwe2we3 + elwe2

Ciplus has been | oaded. Definitions for type/clinon and type/clipolynomnow include & and & K]. Type
?cliprod for help.

| 2B;,B,,ld-2B, ,B;,1Id
[ Itispossibleto use'RC' with an optional parameter of type 'name’:
> RC(u, v, K);
| 2K; Ky, 1d=2K, K, ,1d
[ For example, it iswell known that the Clifford product cmul(v,x) = v |_x + wedge(v,x) wherev isany element in Cl(V,B), and x
| isal-vector in Cl(V,B):
[ > x:=2*el-2*e2+e3;
L x:=2el—-2e2 +e3
> outl:=crmul [B] (v, X);
outl := elwe2we3 + (B, ;+2B, , -2B, ,) el -(B, ;-2B, , +2B, ;) €2 -2(B, ;+2B, , -2B, ,) elwe3

| +2(B, ;-2B,,+2B, ;) e2we3 -2(2B, ,-2B,, —B, ;) elwe2
[ > out2: =RC(v, x, B) + wedge(v, x);
out2:=4B,, elwe2 -4B, , elwe3 +4B, , e2we3 +2B,, el 2B, ;€2 4B, ,elwe2 #4B, ,elwe3 4B, ,e2we3

| -2B,,€l +2B, ,€2 +2B, ;elwe2 2B, ;elwe3 2B, ;e2we3 Jelwe2we3 8,.el B, ;€2

> sinplify(outl-out?2);

L 0

[ We can repeat the above computations for a different form. For example, the Clifford product cmul[H](v,x) in CI(V,H) can be

| computed as:
[ > x:=2*el-2*e2+e3;

Xx:=2el-2e2 +e3




> outl:=crmul [H] (v, X);
outl := elwe2we3 + (H, ; +2H, , —2H, ,) el =(H,; ;-2H, , +2H, ;) e2 -2(H, ;+2H, , -2H, ,) elwe3

+2(H; 3—2H, , +2H, ;) e2we3 +2(-2H, , +2H, ; +H, ;) elwe2
> out 2: =RC( v, x, H) + wedge(v, X) ;
out2:=4H,, elwe2 -4H,  elwe3 +4H, , e2we3 +2H, el -2H, ;€2 4H,,elwe2 #4H,,elwe3 4H, ,e2we3

-2H,,el +2H, ,e2 +2H, ;elwe2 -2H, ;elwe3 +2H, ;e2we3 ‘elwe2we3 H, el H, ;€2

> sinplify(outl-out?2);
0

Example 2: 'RC' expects its arguments to be entered in Grassmann basis. Since the unevaluated Clifford basis can also be used in
Cl(V,B) instead of the Grassmann basis, we need to |oad package 'Cliplus which contains procedure 'RChig'. 'RCbig' is used
internally by 'CLIFFORD' to compute with Clifford polynomials rather than Grassmann polynomials (of “type/clipolynom’).
| Conversions from one basis to the other can be done with procedures Cliplus:-clieval and Cliplus:-cliexpand as follow:
> restart:with(difford):with(diplus);
v: =2*elwe3+ed+l d; u: =2*elwe2we3+elwe?2;

Cliplus has been | oaded. Definitions for type/clinon and type/clipolynomnow include & and &JK]. Type
?cliprod for help.

[ LChig, RChig, clibasis, clieval, cliexpand, climul, clirev, dottedcbasis, dwedge, makeclialiases]
v:=2elwe3 +e4 +Id
u:= 2 elwe2we3 + elwe2
[> "u'=u; #elenment u, as defined above, in G assmann basis
=v; #elenent v, as defined above, in G assmann basis
u =2 elwe2we3 + elwe2

v=2elwe3 +e4 +Id
> uu: =cl i expand(u, K); #u converted to Clifford basis with 'cliexpand
vv: =cl i expand(v, K); #v converted to Cifford basis with 'cliexpand

uu:=2&C,(el, €2, e3) - 2K, jel +2K, ;€2 —2K, ,e3 +&C,(el, e2) K, ,Id
W:=28&C,(el, e3) - 2K, ,1d +e4 +Id

> clieval (uu); #uu converted back to Grassmann basis gives the original u
clieval (vv); #vv converted back to Grassmann basis gives the original u

2 elwe2we3 + elwe2
2elwe3 +e4 +1d

EOne can now apply 'RC' to uu and vv:
[ > out 3: =RC( uu, vv, K) ;

out3:=4K, K, ;el 4K, , K, ;62 —4K, | K, el +4K,, K, ;€3 +4K, K, ;2 4K, , K, ;63 2K, ,&C(el, e2)
—2K, 4K, ,1d 2K, ,&C(€l, e3) +2K, ,K, ;1d +2K, ,&C,(€2,€3) 2K, ,K, ;1d R&C,(el, e2,e3) 2K, jel

+2K, ;62 —2K, ,€3 +2K, , K, 51d 2K, K, ;1d +, ,el K, ,e2 &C(el, e2) K, ,Id

E This result, when converted back to the Grassmann basis should give:
[> out4: =RC(u, v, K);

outd:=4K, K, ;el 4K, , K, ;62 —4K, | K, el +4K, K, ;€3 +4K, K, 2 4K, , K, €3 2K, , elwe2
—2K, ,elwed +2K, , e2we3 +2 elwe2we3 +2K, , K, 51d 2K, K, ;1d , el K, ,e2 elwe2

[ solet's convert back ‘out3' to Grassmann basis and compare with out4:
> out5: =clieval (out3);

outs = 4K, , K, ;el 4K, , K, ;62 4K, K, el +4K, , K, ;€3 +4K, K, ;2 4K, , K, 63 2K, ,elwe2

—2K2’4elwe3 +2 K1’4e2we3 +2 elwe2we3 +2 K2’1K1'3Id 2 K1'1K2’3Id +K2’4e1 ‘K1,4€2 €lwe2
> out 5-out 4;

E Now let's see the mixed input:
> out6: =RC(u, vv, K);

outs ;= 4K, , K, ;el 4Ky, K, ;62 4K, K, el +4K,, K, ;3 +4K, K, ;2 4K, , K, 63 2K, ,&C(el, e2)
—2Ky 4K, ,1d 2K, ,&C(el, €3) +2K, ,K, 1d 2K, ,&C,(€2,€3) 2K, ,K,;1d R&C,(el, e2,e3) 2K, jel




L +2K, ;€2 -2K, ,€e3 +2K2’1K1‘3Id —2K1‘1K2’3Id #,,el K, , €2 | C(el, 2) K1,2|d
[ which should be the same as out5 after conversion to Grassmann basis:
[ > clieval (out6)-outb5;
0
> out 7: =RC(uu, v, K) ;
out7 :=4K; K, ;el -4K;, K, ;€2 -4K,  K; ;€el +4K, K, ;€3 +4K, ;K; ;€2 4K, | K, ;€3 42K3’4&CK(e1,e2)
—2K3’4K1'2Id -2 K2'4&CK(e1, e3) +2 K2'4K1’3Id +2 K1’4&CK(e2,e3) 2 K1’4K2'3Id R &C (el e2, e3) 2K, ;€el

+2K, ;82 -2K, ,e3 +2K, K, ;ld 2K, K, ;1d K, ,el K ,e2 &C (el e2) K ,ld
> out 7-out 6;
L 0
[ >
[ Example 3: Variousinputs containing “& C'[K]:
[> RChig("&C [K] (el,e2), & [K] (e3,ed)); ##<<<--- Error because contraction is wr.t. B

Error, (in diplus:-RChig) optional (or default B) paraneter in RChig differs fromindices encountered
inits cliprod argunents. Found these nanmes as indices of & {B, K}

> RChig("&C [K] (el,e2), & [K](e3, ed),K); ##<<<--- No error because contraction is
wr.t. K
KpaKogld =K, 4K 51d +K; , &C (€1, €2)
> RChig("&C [-K] (el,e2), & [-K](e3,e4),-K); ##<<<--- No error because contraction is
wr.t. -K

| K1'4K2’3Id—K2’4K1'3Id —K3V4&C_K(el,e2)
[ >
L[>
H See Also: Clifford:-cmul, Clifford:-clicollect, Cliplus:-clieval, Cliplus:-cliexpand, Clifford:-makealiases, Clifford:-wedge

(c) Copyright October 8, 1995, by Rafal Ablamowicz & Bertfried Fauser, al rights reserved.
| Last modified: November 5, 2002, RA/BF.




_‘J\ Function: Cliplus:-'convert/dwedge to wedge’, Cliplus:- convert/dwedge to wedge™ - converting between wedge and dotted
wedge

Calling Sequence:

cl := convert(pl,wedge to_dwedge,F)

c2 := convert(p2,dwedge _to_wedge,FT)

Parameters:

e pl- Clifford polynomial expressed in terms of un-dotted standard Grassmann wedge basis (element of one of these types:
“type/clibasmon’, “type/climon’, “type/clipolynom’)

e p2 - Clifford polynomial in dotted basis (although still expressed in terms of the standard Grassmann wedge monomials)

» F, FT - argument of type name, symbol, matrix, array, or “&* " (numeric,{ name,symbol ,matrix,array}). When F and FT are
matrices or arrays, they are expected to be antisymmetric and negative of each other, that is, FT = linalg[transpose] (F).

« Fisassumed to be, by default, the antisymmetric part of B.
Output:

e ¢l : aClifford polynomial expressed in terms of the un-dotted Grassmann basis

e ¢2: aClifford polynomial in "dotted" basis expressed in terms of the standard Grassmann basis

H Description:

» These two functions are used by the dotted-wedge in CI(B) given by dwedge. The latter accompanies the Graldmann wedge
product, but differsin its graduation. In fact both products are isomorphic as exterior products, but relay on different filtrations.
The dotted wedge product and the undotted one are related by the process of cliffordization which is used in CLIFFORD
internally to compute the Clifford product in CI(V,B). However, the cliffordization is performed in this case by an antisymmetric
bilinear form B=F, say F(x,y)=-F(y,X), where x and y are 1-vectorsin V.

* NOTE: Til now both types of algebras are expanded (formally) over the same basis Grassmann monomials which, according to
CLIFFORD's convention, are written as eiwgj... . It is the responsibility of the user to keep track which type of wedge he/sheis
using and which expression is based on which exterior product, dotted or undotted. It isagood idea it to assign such expressions
to adescriptive |hs, see below.

* References.

[1] Ablamowicz, R.: “Helmstetter formula and rigid motions with CLIFFORD”, in "Advances in Geometric Algebrawith
Applicationsin Science and Engineering -- Automatic Theorem proving, Computer Vision, Quantum and Neural Computing, and
Robotics", Eds. Eduardo Bayro-Corrochano and Garret Sobczyk, Birkhduser, 2002.

[2] Ablamowicz, R. and Bertfried Fauser: “On the decomposition of Clifford algebras of arbitrary bilinear form”, Rafal
Ablamowicz and Bertfried Fauser, in “Clifford Algebras and their Applicationsin Mathematical Physics’, Eds. Rafal
Ablamowicz and Bertfried Fauser, Vol. 1: Algebraand Physics, Birkhduser, Boston, 2000, pages 341--366 (see also
http://www.birkhauser.com/cgi-win/isbn/0-8176-4182-3).

[3] “Clifford Algebras and their Applications in Mathematical Physics’, Eds. Rafal Ablamowicz and Bertfried Fauser, Val. 1:
Algebraand Physics, Birkhauser, Boston, 2000, (ISBN 0-8176-4182-3) (for more information go to
http://math.tntech.edu/rafal/mexico/mexico.html).

[4] Ablamowicz, R. and P. Lounesto: “On Clifford algebras of a bilinear form with an antisymmetric part,” with P. Lounesto, in
“Clifford Algebras with Numeric and Symbolic computations”, Eds. R. Ablamowicz, P. Lounesto, and J. Parra, Birkhauser,
Boston, 1996, pages 167-188.

[5] “Clifford Algebras with Numeric and Symbolic Computations’, Eds. Rafal Ablamowicz, Pertti Lounesto, and J. Parra,
Birkh&user, Boston, 1996 (ISBN 0-8176-3907-1).

H Examples:

>restart:with(difford):with(diplus);
Cliplus has been | oaded. Definitions for type/clinon and type/clipolynomnow include & and &JK]. Type
?cliprod for help.




| [ LChig, RChig, clibasis, clieval, cliexpand, climul, clirev, dottedcbasis, dwedge, makeclialiases]
[ Example: (Dotted and undotted wedge bases) Let usfirst expand the basis of the original wedge into the dotted wedge and
| back. For this purpose we choose dim_V=3 and set up a antisymmetric bilinear form F and its negative FT:
[ > convert (elwe2, wedge_t o_dwedge, K);
elwe2 +K, , Id
> convert (% dwedge_t o_wedge, - K);

L elwe2
> dimV:=3:
F:=array(1..dimV, 1. .dimV, anti symetric):
F=eval m(F);

FT: =li nal g[transpose] (F);

FT:={F, 0 -Fyq
L F1,3 F2,3 0
[ > w_bas: =cbasi s(dimV); ## the wedge basis
g:=array(l..dimV,1. .dimV,synmetric):
B: =eval n{ g+F) ;
w_bas:=[ld, el, €2, €3, elwe2, elwe3, e2we3, elwe2we3 ]
911 912tF, 9 3tF;
B:=|91,"Fi> 9 2 % 3+F, s
L O35 Fis O3~ Fas 933
[ Now we map the convert function onto this basis to get the dotted-wedge basis (and back to test that this device works properly)
[ > d_bas: =map(convert,w bas, wedge_t o_dwedge, F) ;
d_bas:=[ld, el, €2, €3, elwe2 + F, , Id, elwe3 +F, ;Id, e2we3 +F, ,1d, elwe2we3 +F, ; el -F, ;€2 +F, , €3]
> test _wbas: =map(convert, d_bas, dwedge_t o_wedge, - F) ;
test_ whas:=[Id, el, 2, €3, elwe2, elwe3, e2we3, elwe2we3]

" Note that only the scalar 1d and the one vector basis elements el are unaltered and that the other basis elements of higher grade
pick up additional terms of lower grade (which preserves the filtration).

It is possible to define aliases for the dotted wedge basis "monomials’ similar to the Grassmann basis monomials used by
| 'CLIFFORD'. For example, we could denote the element elwe2 + F[1,2]*Id by elde2 or elWe2, and smilarly for other elements:
[ > alias(elWe2=elwe2 + F[1,2]*Id,
elWe3=elwe3d + F[1, 3]*Id,
e2We3=e2we3 + F[2, 3] *1d,
elWe2We3=elwe2we3+F[ 2, 3] *el- F[ 1, 3] *e2+F[ 1, 2] *e3);
elWe2, elWe3, e2We3, el\We2We3

[ and then Maple will display automatically dotted basisin d_bas in terms of the aliases:
> d_bas;

[1d, el, €2, €3, elWe2, e1We3, e2We3, elWe2We3]
" While command ‘chasis displays basis elements in the Grassmann basis by default, it is not difficult to write a new procedure that
would display the dotted basis instead. This procedureis called 'dottedcbasis. Since we have defined aliases above, output from
| 'dottedcbasis will be automatically converted to aliases:
[ > dottedcbhasi s[F] (3);
L [1d, el, €2, €3, elWe2, e1We3, e2We3, elWe2We3]
[ > dottedcbhasi s[F] (3, even');
L [1d, elWe2, e1We3, e2We3]
[ > dottedcbasi s[F] (3, 2);

[ elWe2, elWe3, e2We3]



[ With the procedure 'findbasis which returns linearly independent elements from alist, we can verify that the above lists contain

| linearly independent elements:

> findbasi s(dottedchasis[F](3));

L [1d, el, €2, €3, elWe2, e1We3, e2We3, e1We2We3]

[ > findbasi s(dottedchasis[F](3,"'even'));

L [1d, elWe2, elWe3, e2We3]

[ > findbasi s(dottedchasis[F](3,2));

L [ elWe2, elWe3, e2We3]

[ Example 2: (Commutative Diagram: Reversion in dotted and undotted bases) We proceed to show that the expansion of the
Clifford basis elements into the dotted or undotted exterior products has also implications for other well known operations such as
e.g. the Clifford reversion. Only if the bilinear form is symmetric, we find that the reversion is grade preserving, otherwise it

| reflects only thefiltration (i.e. isin general a sum of terms of the same and lower degrees).

[ > reversion(elwe?); #reversion wr.t. B (inplicit)
reversion(elwe2,B); #reversion w.r.t. B (explicit - only antisymetric part F
matters)
reversion(elwe2, F); #reversion w.r.t. B (explicit - only antisymetric part F
matters)

reversion(elwe2, g); #reversion wr.t. g (classical result)
-2F, ,1d —elwe2
-2F, ,1d —elwe2
-2F, ,1d —elwe2

L —elwe2
[ Observein the above that only when B[1,2]=B[2,1], the result is -elwe2 known from the theory of classical Clifford algebras.
| Likewise,
[ > cbas: =chasi s(3);
L chas:=[1d, el, €2, €3, elwe2, elwe3, e2we3, elwe2we3 ]
[ > map(reversion,chas, B); #explicit use of B=g + F

map(reversion, cbas, F); #one use the antisymetric part of B only

[1d,el,e2,e3, -2F, ,1d —elwe2, -2 F, ;Id —elwe3, -2F, ,1d —e2we3, -2 F, ;el +2F, ;€2 —elwe2we3 -2 F, , €3]
| [ld,el,e2,e3,-2F, ,I1d -elwe2, -2F, ;1d —elwe3, -2 F, ; Id —e2we3, -2F, ;el +2F, ;e2 —elwe2we3 -2F, , €3]
[ If instead of B we use the symmetric part g of B, we obtain instead
[ > map(reversion, cbhas, Q) ;
L [1d, el, €2, €3, —elwe2, —elwe3, —e2we3, —elwe2we3]
[ Convert now elwe?2 to the dotted basis and call it elWe2:
[ > convert (elwe2, wedge_t o_dwedge, F);

elwe2

E Apply reversion to elWe2 with respect to F to get the reversed element in the dotted basis:
[ > reversed_elW2: =reversi on(elW2, F);

reversed_elWe2 := -F, , Id —elwe2

[ Observe, that the above element equals the negative of elWe2 just like reversing elwe2 with respect to the symmetric part of B

| (called'g' above):

[ > reversed_elW2+elWe2;

L 0

[ Finaly, convert reversed_elWe2 to the un-dotted standard Grassmann basis to get -elwe2:

[ > convert(reversed_elW2, dwedge_t o_wedge, - F);

L —elwe2

[ The above, of course, can be obtained by applying reversion to elwe2 with respect to the symmetric part of B:

[ > reversion(elwe?2,q); #reversion with respect to the synmetric part g of B

L —elwe2

[ This shows that the dotted wedge basisis the particular basis which is stable under the Clifford reversion computed with respect to
F, the antisymmetric part of B. This requirement allows one to distinguish Clifford algebras CI(g) which have a symmetric bilinear
form g from those which do not have such symmetric bilinear form but a more general form B instead. We call the former




{ classical Clifford algebras while we use the term quantum Clifford algebrasfor the general non-necessarily-symmetric case.

[ >
L[>
H See Also: Bigebra:-help, Cliplus.-dwedge, Clifford:-reversion, Clifford:-cbasis
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