
Function: Cliplus:-RCbig - extends the right contraction procedure 'RC' from 'CLIFFORD' 

 

Calling Sequence:

RCbig(p1,p2); 

RCbig(p1,p2,name); 

 

Parameters:

p1, p2 - any two Clifford polynomials expressed in Grassmann or Clifford basis 

name - (optional) parameter of type 'name', 'symbol', 'matrix', or 'array', or 

`&*`(numeric,{name,symbol,matrix,array})

Description:

• This procedure extends procedure Clifford:-RC from 'CLIFFORD'. Recall, that RC(u,v) was a 

valid input for 'RC' provided u and v were polynomials in Cl(V,B) expressed in Grassmann basis, 

that is, expressions of type, `type/clibasmon ,̀ `type/climon`, or `type/clipolynom .̀ For 

completeness, procedure 'RC' was also accepting ̀ type/cliscalar  ̀for u and v. 

• After loading 'Cliplus', procedure 'RC' will have the same properties as 'RC' plus the additional 

versatility afforded by the procedure 'RCbig'. That is, it can now accept polynomial expressions 

for u and v that contain monomial terms of `type/cliprod ,̀ that is the unevaluated Clifford product 

`&C`. Notice, that when 'Cliplus' is loaded, definitions of `type/climon` and `type/clipolynom` are 

extended to include monomial terms with expressions `&C`.

• NOTE: When using &C with an optional index, enclose &C in left quotes as in `&C`[K].

• When optional parameter of type 'name' is used, then it replaces B in computations. See examples 

below.

Examples:

> restart:with(Clifford):

Example 1: Procedure 'RC' gives the right-contraction in the Clifford algebra Cl(B) of any 

element u by any element v from the right, that is, RC(u,v) = u |_ v in Cl(V,B).

> u:=2*e1we3+e4+Id;v:=2*e1we2we3+e1we2; 

RC(u,v);

 := u  +  + 2 e1we3 e4 Id

 := v  + 2 e1we2we3 e1we2
Cliplus has been loaded. Definitions for type/climon and type/clipolynom now in

clude &C and &C[K]. Type ?cliprod for help.

 − 2 B ,3 1 B ,1 2 Id 2 B ,1 1 B ,3 2 Id

It is possible to use 'RC' with an optional parameter of type 'name':

> RC(u,v,K);

 − 2 K ,3 1 K ,1 2 Id 2 K ,1 1 K ,3 2 Id

For example, it is well known that the Clifford product cmul(v,x) = v |_ x  + wedge(v,x) where v 



is any element in Cl(V,B), and x is a 1-vector in Cl(V,B):

> x:=2*e1-2*e2+e3;

 := x  −  + 2 e1 2 e2 e3

> out1:=cmul[B](v,x);

out1 ( )−  +  + 2 B ,2 2 2 B ,2 1 B ,2 3 e1 ( ) +  − B ,1 3 2 B ,1 1 2 B ,1 2 e2 −  := 

2 ( ) −  + 2 B ,3 1 2 B ,3 2 B ,3 3 e1we2 2 ( )−  +  + 2 B ,2 2 2 B ,2 1 B ,2 3 e1we3 +  − 

2 ( ) +  − B ,1 3 2 B ,1 1 2 B ,1 2 e2we3 e1we2we3 +  + 

> out2:=RC(v,x,B)+ wedge(v,x);

out2 4 B ,3 1 e1we2 4 B ,2 1 e1we3 4 B ,1 1 e2we3 2 B ,2 1 e1 2 B ,1 1 e2 4 B ,3 2 e1we2 −  +  +  −  −  := 

4 B ,2 2 e1we3 4 B ,1 2 e2we3 2 B ,2 2 e1 2 B ,1 2 e2 2 B ,3 3 e1we2 2 B ,2 3 e1we3 +  −  −  +  +  − 

2 B ,1 3 e2we3 e1we2we3 B ,2 3 e1 B ,1 3 e2 +  +  +  − 

> simplify(out1-out2);

0

We can repeat the above computations for a different form. For example, the Clifford product 

cmul[H](v,x) in Cl(V,H) can be computed as:

> x:=2*e1-2*e2+e3;

 := x  −  + 2 e1 2 e2 e3

> out1:=cmul[H](v,x);

out1 ( )−  +  + 2 H ,2 2 2 H ,2 1 H ,2 3 e1 ( ) +  − H ,1 3 2 H ,1 1 2 H ,1 2 e2 −  := 

2 ( ) −  + 2 H ,3 1 2 H ,3 2 H ,3 3 e1we2 2 ( )−  +  + 2 H ,2 2 2 H ,2 1 H ,2 3 e1we3 +  − 

2 ( ) +  − H ,1 3 2 H ,1 1 2 H ,1 2 e2we3 e1we2we3 +  + 

> out2:=RC(v,x,H)+ wedge(v,x);

out2 4 H ,3 1 e1we2 4 H ,2 1 e1we3 4 H ,1 1 e2we3 2 H ,2 1 e1 2 H ,1 1 e2 4 H ,3 2 e1we2 −  +  +  −  −  := 

4 H ,2 2 e1we3 4 H ,1 2 e2we3 2 H ,2 2 e1 2 H ,1 2 e2 2 H ,3 3 e1we2 2 H ,2 3 e1we3 +  −  −  +  +  − 

2 H ,1 3 e2we3 e1we2we3 H ,2 3 e1 H ,1 3 e2 +  +  +  − 

> simplify(out1-out2);

0

Example 2: 'RC' expects its arguments to be entered in Grassmann basis. Since the unevaluated 

Clifford basis can also be used in Cl(V,B) instead of the Grassmann basis, we need to load 

package 'Cliplus' which contains procedure 'RCbig'. 'RCbig' is used internally by 'CLIFFORD' to 

compute with Clifford polynomials rather than Grassmann polynomials (of `type/clipolynom )̀. 

Conversions from one basis to the other can be done with procedures Cliplus:-clieval] and 

Cliplus:-cliexpand] as follow: 

> restart:with(Clifford):with(Cliplus); 

v:=2*e1we3+e4+Id;u:=2*e1we2we3+e1we2;
Cliplus has been loaded. Definitions for type/climon and type/clipolynom now in

clude &C and &C[K]. Type ?cliprod for help.

LCbig RCbig clibasis clieval cliexpand climul clirev dottedcbasis dwedge, , , , , , , , ,[



makeclialiases ]

 := v  +  + 2 e1we3 e4 Id

 := u  + 2 e1we2we3 e1we2

> 'u'=u; #element u, as defined above, in Grassmann basis 

'v'=v; #element v, as defined above, in Grassmann basis

 = u  + 2 e1we2we3 e1we2

 = v  +  + 2 e1we3 e4 Id

> uu:=cliexpand(u,K); #u converted to Clifford basis with 

'cliexpand' 

vv:=cliexpand(v,K); #v converted to Clifford basis with 

'cliexpand' 

 := uu  −  +  −  +  − 2 ( )&CK , ,e1 e2 e3 2 K ,2 3 e1 2 K ,1 3 e2 2 K ,1 2 e3 ( )&CK ,e1 e2 K ,1 2 Id

 := vv  −  +  + 2 ( )&CK ,e1 e3 2 K ,1 3 Id e4 Id

> clieval(uu); #uu converted back to Grassmann basis gives the 

original u 

clieval(vv); #vv converted back to Grassmann basis gives the 

original u

 + 2 e1we2we3 e1we2

 +  + 2 e1we3 e4 Id

One can now apply 'RC' to uu and vv:

> out3:=RC(uu,vv,K);

out3 4 K ,3 1 K ,2 3 e1 4 K ,3 1 K ,1 3 e2 4 K ,2 1 K ,3 3 e1 4 K ,2 1 K ,1 3 e3 4 K ,1 1 K ,3 3 e2 −  −  +  +  := 

4 K ,1 1 K ,2 3 e3 2 K ,3 4 ( )&CK ,e1 e2 2 K ,3 4 K ,1 2 Id 2 K ,2 4 ( )&CK ,e1 e3 2 K ,2 4 K ,1 3 Id −  +  −  −  + 

2 K ,1 4 ( )&CK ,e2 e3 2 K ,1 4 K ,2 3 Id 2 ( )&CK , ,e1 e2 e3 2 K ,2 3 e1 2 K ,1 3 e2 +  −  +  −  + 

2 K ,1 2 e3 2 K ,2 1 K ,1 3 Id 2 K ,1 1 K ,2 3 Id K ,2 4 e1 K ,1 4 e2 ( )&CK ,e1 e2 K ,1 2 Id −  +  −  +  −  +  − 

This result, when converted back to the Grassmann basis should give:

> out4:=RC(u,v,K);

out4 4 K ,3 1 K ,2 3 e1 4 K ,3 1 K ,1 3 e2 4 K ,2 1 K ,3 3 e1 4 K ,2 1 K ,1 3 e3 4 K ,1 1 K ,3 3 e2 −  −  +  +  := 

4 K ,1 1 K ,2 3 e3 2 K ,3 4 e1we2 2 K ,2 4 e1we3 2 K ,1 4 e2we3 2 e1we2we3 −  +  −  +  + 

2 K ,2 1 K ,1 3 Id 2 K ,1 1 K ,2 3 Id K ,2 4 e1 K ,1 4 e2 e1we2 +  −  +  −  + 

so let's convert back 'out3' to Grassmann basis and compare with out4:

> out5:=clieval(out3);

out5 4 K ,3 1 K ,2 3 e1 4 K ,3 1 K ,1 3 e2 4 K ,2 1 K ,3 3 e1 4 K ,2 1 K ,1 3 e3 4 K ,1 1 K ,3 3 e2 −  −  +  +  := 

4 K ,1 1 K ,2 3 e3 2 K ,3 4 e1we2 2 K ,2 4 e1we3 2 K ,1 4 e2we3 2 e1we2we3 −  +  −  +  + 

2 K ,2 1 K ,1 3 Id 2 K ,1 1 K ,2 3 Id K ,2 4 e1 K ,1 4 e2 e1we2 +  −  +  −  + 

> out5-out4;

0



Now let's see the mixed input:

> out6:=RC(u,vv,K);

out6 4 K ,3 1 K ,2 3 e1 4 K ,3 1 K ,1 3 e2 4 K ,2 1 K ,3 3 e1 4 K ,2 1 K ,1 3 e3 4 K ,1 1 K ,3 3 e2 −  −  +  +  := 

4 K ,1 1 K ,2 3 e3 2 K ,3 4 ( )&CK ,e1 e2 2 K ,3 4 K ,1 2 Id 2 K ,2 4 ( )&CK ,e1 e3 2 K ,2 4 K ,1 3 Id −  +  −  −  + 

2 K ,1 4 ( )&CK ,e2 e3 2 K ,1 4 K ,2 3 Id 2 ( )&CK , ,e1 e2 e3 2 K ,2 3 e1 2 K ,1 3 e2 +  −  +  −  + 

2 K ,1 2 e3 2 K ,2 1 K ,1 3 Id 2 K ,1 1 K ,2 3 Id K ,2 4 e1 K ,1 4 e2 ( )&CK ,e1 e2 K ,1 2 Id −  +  −  +  −  +  − 

which should be the same as out5 after conversion to Grassmann basis:

> clieval(out6)-out5;

0

> out7:=RC(uu,v,K);

out7 4 K ,3 1 K ,2 3 e1 4 K ,3 1 K ,1 3 e2 4 K ,2 1 K ,3 3 e1 4 K ,2 1 K ,1 3 e3 4 K ,1 1 K ,3 3 e2 −  −  +  +  := 

4 K ,1 1 K ,2 3 e3 2 K ,3 4 ( )&CK ,e1 e2 2 K ,3 4 K ,1 2 Id 2 K ,2 4 ( )&CK ,e1 e3 2 K ,2 4 K ,1 3 Id −  +  −  −  + 

2 K ,1 4 ( )&CK ,e2 e3 2 K ,1 4 K ,2 3 Id 2 ( )&CK , ,e1 e2 e3 2 K ,2 3 e1 2 K ,1 3 e2 +  −  +  −  + 

2 K ,1 2 e3 2 K ,2 1 K ,1 3 Id 2 K ,1 1 K ,2 3 Id K ,2 4 e1 K ,1 4 e2 ( )&CK ,e1 e2 K ,1 2 Id −  +  −  +  −  +  − 

> out7-out6;

0

> 

Example 3: Various inputs containing `&C`[K]:

> RCbig(`&C`[K](e1,e2),`&C`[K](e3,e4)); ##<<<--- Error because 

contraction is w.r.t. B
Error, (in Cliplus:-RCbig) optional (or default B) parameter in RCbig differs 

from indices encountered in its cliprod arguments. Found these names as indices 

of &C: {B, K} 

> RCbig(`&C`[K](e1,e2),`&C`[K](e3,e4),K); ##<<<--- No error 

because contraction is w.r.t. K

 −  + K ,1 4 K ,2 3 Id K ,2 4 K ,1 3 Id K ,3 4 ( )&CK ,e1 e2

> RCbig(`&C`[-K](e1,e2),`&C`[-K](e3,e4),-K); ##<<<--- No error 

because contraction is w.r.t. -K

 −  − K ,1 4 K ,2 3 Id K ,2 4 K ,1 3 Id K ,3 4 ( )&C
−K ,e1 e2

> 

> 

See Also: Clifford:-cmul, Clifford:-clicollect, Cliplus:-clieval, Cliplus:-cliexpand, 

Clifford:-makealiases, Clifford:-wedge 
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