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CHAPTER 1
INTRODUCTION

1.1 Revisions to ttuthesis.sty

In this new ttuthesis.sty file dated 12-03-2007 two bugs have been fixed in
the definition of \section and \subsection commands.

e The first bug had to do with the older definitions not allowing for a proper
labeling of sections as in \label{sectionlabel} and subsections as in
\label{subsectionlabel}.

That is, when using \ref{sectionlabel} and \label{subsectionlabel}

in the text, only the current chapter number was printed and not the section

or the subsection number.
For example, right after the title of the current section, I have inserted \1label{revisions}
so that I could refer to this section later in the text as in \ref{revisions} which
produces a correct section number 1.1. Likewise, for subsections: The first subsection
below has been labeled as \label{Young} and it can now be referred as subsec-
tion 1.2.1.

Remember that per TTU Graduate School requirements, the subsubsections

remain unnumbered: hence, they cannot be refered to with \ref command even if

they are labeled with \1label command.

e The second bug had to do with not allowing for a use of an optional parame-
ter with a shorter title as in \section, \subsection, and \subsubsection

commands.



If you look at the TeX code of chapterl.tex you will find that the title of the

current section has been typed in as

\section[Revisions]{Revisions to {\tt ttuthesis.styl}}
with the REQUIRED now parameter showing a shorter title \section[Revisions]
showing up between the brackets first and the longer title showing up between the
braces.

The shorter title appears now in the Table of Contents whereas the longer title
appears now in the actual text of the thesis. If you want to have both the same, that’s
fine, just use for the shorter title the longer title.

This new parameter containing now the short title MUST also be used in titles
of subsections and subsubsections: If not used, the following error will result when
typesetting:

./Thesis.lof) [10] (./chapterl.tex
CHAPTER 1.
! Use of \section doesn’t match its definition.
1.6 \section{

Revisions to {\tt ttuthesis.sty}}
?
I have caused that error to appear by removing that required now parameter [Revisions]
from the command \section in

\section[Revisions]{Revisions to {\tt ttuthesis.styl}}

Thus, to summarize, to avoid typesetting errors, you MUST now insert these op-
tional parameters with short titles in all commands \section, \subsection, and

\subsubsection. If you want the same title to appear in the Table of Contents,
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copy the longer title as the shorter title as well. For example, the title of the next
section 1.2 is typed up as:
\section[Hyper-redundant robots]{Hyper-redundant robots}
\label{robots}

In the command \chapter, the use of this short title is optional. This is be-
cause the command \chapter was defined earlier by authors of this style file with

greater care and fixing these definitions would require a major rewrite of the file.

If you have any questions, please contact me via email at rablamowicztntech.edu.

Cookeville, December 3, 2007

1.2 Hyper-redundant robots

Hyper-redundant robots have many degrees of freedom (DOF) and are some-
times called snake or worm robots. Clifford algebra is a specially described algebra
which can resolve rotations and translations without matrix algebra. For a definition
of the Clifford algebra see [1] and references therein. Consider the Clifford algebra
Cls 0, also denoted as Cl3, over R® endowed with a quadratic form ¢ = diag(1, 1, 1).
Let {e1, eq, €3} be an orthonormal basis in R3. Then, there is the following famous

relation in the Clifford algebra C/; :

€;€; + e;e;, = 25@',]' (11)
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where 0;5,4,7 = 1,2,3 is the Kronecker delta function. Notice that relation (1.1)

reduces to
e=1, i=1,23. (1.2)

The aim of this work is to provide a mechanism for breaking up the ordinary spinor
representation of C¥,, ,, into tensor products of smaller representations using appropri-
ate Young operators constructed as Clifford idempotents. This means that a suitable
Clifford algebra is used as a carrier space for various tensor product representations.

1.2.1 Young Operators Long

The Young operators for various Young diagrams provide a set of idempotents

which decompose the unity 1 of C¥,,, as
1=Y®™) ... 4 Y(An)’ (1.3)

where ();) is a partition of n characterizing the appropriate Young tableau, that is,

)-n denote a Young

a Young diagram (frame) with an allowed numbering. Let ng/\z

tableaux where ();) is an ordered partition of n and i1, . .., i, is an allowed numbering
of the boxes in the Young diagram corresponding to (\;) as in [23, 30]. Furthermore,

these Young operators are mutually annihilating idempotents
yMy i) = g, Yy, (1.4)
iAj

It appears natural to ask if these Young operators can be used to give representations

of the symmetric group within the Clifford algebraic framework. The representation
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spaces which appear as a natural outcome of the embedding of the symmetric group,
and its representations can then be looked at as multi-particle spinor states. However,
these might not be spinors of the full Clifford algebra.

In order to be as general as possible, in the following, not only the repre-
sentations of the symmetric group will be considered, but also of the Hecke algebra
Hg(n,q). The Hecke algebra is the generalization of the group algebra of the sym-
metric group by adding the requirement that transpositions ¢; of adjacent elements
i,7+ 1 are no longer involutions s;. Equation t? = (1 — ¢)t; + ¢ reduces to s? = 1 in
the limit ¢ — 1.

Hecke algebras are ‘truncated’ braids since a further relation (see (1.5) below)
is added to the braid group relations as in [4]. A detailed treatment of this topic with
important links to physics may be found, for example, in [21, 38] and in the references
of [12].

The defining relations of the Hecke algebra will be given according to Bour-

baki [9]. Let < 1,¢,...,t, > be a set of generators which fulfill these relations:
ti =(1—qti +q, (1.5)
titj = tjti> |Z - ]| > 27 (16)
titivats = tipatitiva. (1.7)

Then their algebraic span is the Hecke algebra. Since the results in this thesis will
be compared with those of King and Wybourne [29] — hereafter denoted by KW —
one needs to provide a transformation to their generators g;, namely g; = —t;, which

results in a new quadratic relation

9 =(q—1)gi+q (1.8)
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while the other two remain unchanged. However, this small change in sign is respon-
sible for great differences especially in the ¢-polynomials occurring in both formulas.
One immediate consequence is that this transformation interchanges symmetrizers
and antisymmetrizers. In particular, this replacement connects Formula (3.4) in KW
with full symmetrizers while Formula (3.3) in KW gives full antisymmetrizers. Fi-
nally, the algebra morphism p which maps the Hecke algebra into the even part of an
appropriate Clifford algebra can be found in [12].

Let {1,ey,...,e,} be a set of generators of the Clifford algebra C¢(B,V)
where the vector space V = {e;} =< e; > is endowed with a non-symmetric 2n x 2n

bilinear form B = [B(e;, e;)] = [B; ;| defined as

0, if 1<i,j<norn<ij<2n,
q, iti=j—nmnori—1—-n=y,
Bij:=4q —(1+q), ifi+l=j—-nori=j+1—n, (1.9)
-1, if i —j—n|>2 and i >n,
1, otherwise.
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The most general case would have v;; # 0 in the last line of (1.9). For example, when

n =4, then
0O 0 0 O q —1—q 1 1
0o 0 0 0 —-1-—g¢ q —1—gq 1
0O 0 0 O 1 —1—gq q —1—q
0O 0 0 O 1 1 —1—q q
B = . (1.10)
1 1 -1 -1 0 0 0 0
g 1 1 -1 0 0 0 0
-1 q 1 1 0 0 0 0
-1 -1 ¢ 1 0 0 0 0

The bilinear form B in (1.10) is our particular choice that guarantees that the fol-

lowing equations hold:

p(t;) =b; :==e€; N\ eyn, (1.11)
bib; = b;b;, whenever |i —j| > 2, (1.12)
bibi+1bi = bi+1bibi+1. (113)

This shows p to be a homomorphism of algebras implementing the Hecke algebra
structure in the Clifford algebra C¢(B, V). One knows from [12] that p is not injective,
and that its kernel contains all Young diagrams which are not L-shaped (that is,
diagrams with at most one row and/or one column). The first instance, however,
when this kernel is non-trivial, occurs in S; where the partition 4 = (2,2) gives a
Young diagram of square form which is not L-shaped.

Testing section 2.3 here.



CHAPTER 2
THEORETICAL DEVELOPMENTS

This chapter explains the design technique developed in this research project.

The first section bla bla bla. Ultimately the equation

E = mxc (2.1)

E = m#*9x10% (2.2)

In Section 2.1 we will show something. In Section 2.2 we will show something else,
while in Section 2.3 we will discuss a new case.
In Subsection 2.1.1 we will show something. In Subsection 2.2.1 we will show

something else, while in Subsection 2.3.1 we will discuss a new case.

2.1 Singularity Problems Longer

At a singularity, an infinite joint velocity is required to move the end effector
in a particular direction as in Equation 2.2 [32]. Also near the singularity large forces
can be found that can damage the robot or an object being worked on. Bla bla bla.

2.1.1 Singularity Issues Longer

Special Applications Longer.

2.2 Surface Parameterization Longer

Clifford algebras of the C¢* can be used to bla bla bla.



2.2.1 Surface Subsection

2.3 The case of Hy(2,q) and S

Beginning with Hg(2, ¢) which reduces to Ss in the limit ¢ — 1. Hp(2, q) is gen-
erated by {1, b;}. Thus, having only one g-transposition, from which a g-symmetrizer
R(12) and a g-antisymmetrizer C'(12) can be calculated.

2.3.1 Main Case

Notice that in the limit ¢ — 1 the following relations for a set of new generators
defined as s; :=limb; when ¢ — 1 :
(i) s =1,
(i) s;s; = s;s;, whenever |i — j| > 2,
(iii) S$iSi+18i = Si+1S5iSi+1,
(iii)" (sisi41)° = 1.
Property (iii)’ follows from the fact that s> = 1 and s;* = s;. This is a presentation
of the symmetric group according to Coxeter-Moser [7]. Now it is an easy matter to
show that (ii) is valid for transpositions, and that (iii) can be calculated graphically
using tangles as in Figure 1.
Definition 1. An associative algebra over a field F with unity 1 is the Clifford algebra
ClQ) of a non-degenerate quadratic form @ on a vector space V over F if it contains
VandF =T -1 as distinct subspaces so that
1. x*=Q(x) for anyx €'V,
2. 'V generates CU(Q) as an algebra over F,

3. CU(Q) 1is not generated by any proper subspace of V.
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Theorem 1. Suppose that 1 < p < (1 — )~ . Ifu € LP(R",R) and u > 0, then
[ Zu(z)| < Au(k, p)[Meu(a)] O u (0P, 2z e R™ (2.3)
Proof. Since u > 0, it is clear that
|k« u(x)| < max{|ky *u(z)], |k *u(x)|}. (2.4)
By applying Theorem 1 to k; and k_ one gets
[ u()] < Ak, p)[Macu(@)]' =072 ful. (2.5)

It remains to combine (2.4) and (2.5) with (??) and (?7).!

The reader can easily check that (2.3) is sharp. Moreover, if it is assumed that

the kernel £ is an odd function, then X_ = (—1)X, and
1
vol(X,) = vol(X_) = =vol(X);

2

hence,

Ai(k,p) =27"A(k, p). (2.6)

!These last two calls to references have resulted in (??) and (??) showing, and in an error message
in your paper’s log file that is automatically generated by PCTEX32. This is because references have
been made to non-existing labels.



CHAPTER 3
INCLUDING FIGURES IN THESIS OR DISSERTATION

The math required to find the singularity space can be quite lengthy and errors
are easily made. Therefore a computer program called CLIFFORD (see [3]) is used.
In addition, it is useful to visualize the singularity space via a graph which can be
generated by Maple. Thus, it is also useful to know how to include plots and figures
in a BTEX document.

The following will show how to include plots in your IXTEX document. For
more information on basic KTEX commands see [24] and for more advanced features

of AMS-ETEX see [22].

3.1 Developing a Set of Parameters

CLIFFORD can perform computations in any Clifford algebra; in particular,
it can compute with quaternions. Quaternions give a convenient representation of
rigid motions in a three dimensional real space R3.

3.2 Plotting the Singularities

One can control vertical spacing before and after a figure with \vskip com-

mands. For example, the following code produces Figure (3.1).

\begin{figure} [tb]

\vskip3pt Y%controls vertical space before the figure
\centereps{3in}{3in}{plot03.eps}

\caption{The wave of the future - first time}
\label{fig:sin}

\vskipO.5pt Ycontrols vertical space after the figure
\end{figure}

11
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Figure 3.1. The wave of the future - first time

As it can be seen from the code that produces Figure 3.1, this is simple.

3.3 Interpreting the Plots

Interpreting the plots is almost impossible (joke!). However, see the following
examples how plots in various formats can be inserted. Help page from PCTEX32
gives the following information.

3.4 Graphics Support

Graphic images may be included in the documents created with PCTEX32 by
using the \special command. However, a simple usage below creates a problem.
That’s why it is better to use other WTEX commands which give better control over
the placement of the pictures.

PCTEX32 supports four categories of graphic formats: the Windows bitmap,

or BMP, format; the Encapsulated Postscript, or EPS, graphic format; the Windows
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Metafile(including Enhanced), or WMF, format; and the Postscript, or PS, graphic
format. The simplest usage may, however, cause problems (see below).

\special{bmp:<path+filename> x=n y=n}
\special{eps:<path+filename> x=n y=n}
\special{wmf:<path+filename> x=n y=n}
\special{ps:<path+filename> x=n y=n}

The following example may look very bad depending on where it is put in the
text. Notice that the Graduate School requires that any table or figure be placed at

the top or at the bottom of a page. Thus, one must use

\begin{figure} [tb]

iéﬁd{figure}

environment with the parameters [tb] and the actual \special command placed
inside. This way the figure that is to be inserted with the command \special will
become a “float”, that is, an object whose position in the text will be determined by
the compiler. This position will either be the top of the page, which is specified by the
letter t or the bottom of the page, which is specified by the letter b in [tb]. Notice
also that extra spacing is added by the line \vskip3in inside the figure invironment
for proper spacing.

\begin{figure} [tb]

\vskip3in

\special{bmp:sin.bmp x=3in y=3in}
\end{figure}

A sample \special command for a BMP graphic image might look like:
\special{bmp:c:/figures/picture.bmp x=5in y=3in}

For Windows Enhanced Metafiles, simply use the WMF \special command such as:
\special{wmf:c:/figures/myemfpic.emf x=5in y=3in}

When specifying paths to the files, use "/" instead of "\" to specify the subdirectories.
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Sine Wave

sinit)

Sine Wave

............................................................................

sinft)

The BMP, EPS, WMF, or PS graphic image will be scaled to the value of
x and y. The dimensions "cm” and ”in” are accepted. One needs to leave enough
vertical space before the \special command for the image. So,try one more time to
plot with the command \special. The code used to print next figure

\begin{figure} [tb]
\vskip3in
\special{bmp:sin.bmp x=3in y=3in}
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321 321

Figure 3.2. Tangles representing a braid equation

\end{figure}
\noindent

where \noindent is needed so that the text following the figure, i.e., “To print the
above figure...”, is not indented. Included in the above code is a vertical skip before
the picture equal to 3 inches which is the height of the picture specified by y=3in.
Notice, that the picture has not been centered and that it has no caption. The latter
is the reason why it will not appear in the list of figures earlier in this document.
Only figures with a caption (see next) will appear in the list of figures.

However, try the following which gives much better control where the picture
will appear. Notice that command \psfig from the psfig package is used. Notice
also that the placement of the figure is controlled by the option [htb]. Letter h in
[htb] means “place this figure here, if possible,” letter t means “place this figure at
the top of the page, if possible”, while letter b means “place this figure at the bottom
of the page, if possible.” There is one more option p which means “place this figure

at the end of the document on a page of floats (not a text page).”

\begin{figure} [tb]
\centerline{\psfig{figure=braid.eps,height=3.0cm,width=2.0cm}}
\caption{Tangles representing a braid equation}
\label{fig:tangles}

\end{figure}

The above code gives Figure 3.2) below. Notice also that this figure has appeared in

the list of all figures at the beginning of the document. Most importantly, notice that
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the spacing before and after the figure is done automatically and \vskip or \noindent
commands for proper spacing and justification do not need to be used. Finally, there
is a caption, and the figure is automatically numbered. Its caption appears also in the
list of figures. Also included is \label command in the line \l1abel{fig:tangles}
and from now on this figure can be referred to as as Figure 3.2 by using \ref command
this way: to refer to Figure 3.2 just type Figure™\ref{fig:tangles}. The ~ symbol
is not printed but it prevents the number 3.2 from being separated from the word
“Figure” at the end of the line (notice that the word “number” above is separated
from 3.2).

The macros SETBMP, SETEPS, SETWMF, and SETPS are provided to assist
in including graphic images. To use the SETBMP, SETEPS, SETWMF, or SETPS

I These macros define the

macros, use the \input command to include the macro.
\centerbmp, \centereps, \centerwnf, and \centerps commands; and the \setbmp,

\seteps, \setwnf, and \setps commands respectively.

\setbmp{iHx}{y}{<path+filename>}
\seteps{iHxH{y}{<path+filename>}
\setwnf{iHx}H{y}{<path+filename>}
\setps{i}{x}{y}{<path+filename>}

In the above examples, i designates the indentation of the graphic image. x designates

the width of the image. y designates the height of the image.

\centerbmp{x}{y}{<path+filename>}
\centereps{x}{y}{<path+filename>}
\centerwnf{x}{y}{<path+filename>}
\centerps{x}{y}{<path+filename>}

The \centerbmp, \centereps, \centerwnf or \centerps command centers the im-
age horizontally on the page. x is the width and y is the height of the graphic image.

The units “cm” and “in” are accepted. Indicate the desired amount of blank space

'Notice that these input commands have been included already in Thesis.tex file.
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Figure 3.3. The wave of the future - second time

before and after the command with \vskip. One can also add labels with \label
command and captions with \caption command.
For example, the following code

\begin{figure} [tb]
\centereps{3in}{3in}{plot03.eps}

\caption{The wave of the future - second time}
\label{fig:epsi}

\end{figure}

produces Figure (3.3). Likewise, the following code inserts file of type BMP:

\begin{figure} [tb]

\centerbmp{3in}{3in}{sin.bmp}

\caption{File sin.bmp inserted and viewed in PS mode}
\label{fig:bmp1l}

\end{figure}

which should give a figure here but it is not right here... Where is it? Its location
in the text is somewhat fluid and it is determined by the IXTEX code. Objects whose
location depends on the surrounding text are called “floats.” The figure could be

at the bottom of the page or it could be on the next page! One can also insert
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Sine Wave

T T
L ISR NS A NS NSNS S S—
1 AR O O SRR NSRS NSO SO
08 b b

02 N

sinit)
=

7 S RS OO SO SN SUOUURUNUN SRRSO
3 O RS JURNUNUUNL JOUPI WO SOUURRNUR SRR { RO
1] S W A S

AN S S S NSRS S AN N

Figure 3.4. File sin.bmp inserted and viewed in PS mode

pictures/figures created with MATLAB that have extension .emf as follows. The

code

\begin{figure} [tb]

\centerwmf{3in}{3in}{sin.emf}

\caption{MATLAB file inserted with colors showing (works only in
PC{\TeX}32 ver. 3.4, and 4.0 GDI mode)}

\label{fig:emf1}

\end{figure}

works in PCTEX32 ver. 3.4 and in PCTEX32 ver. 4.0 in GDI mode but not in PS
mode!. The code above produces Figure 3.5. Notice that in the labels used in the
pictures above, e.g., \label{fig:emf1}, a counter called fig has been used. This
way one can refer in the text to each of the above figures with \ref command as
follows. To refer to the BMP picture just type in (\ref{fig:bmp1}). For example:
“In picture (3.4) a sine wave can be seen”.

Remark: MATLAB saves pictures in files with extension .emf, and not .wmf:

there is no .wmf format! That’s why the command
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Figure 3.5. MATLAB file inserted with colors showing (works only in
PCTEX32 ver. 3.4, and 4.0 GDI mode)

\centerwmf{3in}{3in}{sin.emf}

works in PCTEX32 version 3.4. However, version 4.0 of PCTEX32 can be set in either
Postscript mode PS or Windows mode GDI.2 PCTEX32 will display an error when
trying to preview the dvi file saying
dvips: Invalid image file sin.emf
after \centerwnf{3in}{3in}{sin.emf} has been used. In order to avoid this error,
change PS mode to GDI (see the footnote at the bottom of this page).

However, once changed from PS mode to GDI mode in PCTEX32, Postscript
images in the .dvi file will not be seen once the document is composed. A suggestion

is to use one type of picture files, if possible. One should also know that even though

2To find out in which mode PCTEX32 runs on your machine, look at the bottom menu bar to the
right of the “Stop” button: it will say PS or GDI accordingly. If you use .emf files in your document,
you will not be able to correctly compose your document in ver. 4.0 of PCTEX32 if it runs in the
Postscript mode indicated by PS. You will need to change from PS to GDI mode as follows: go to
the top menu bar in PCTEX32 and click on: Settings, Default Settings, Advanced and change from
Postscript to Windows/GDI. You will need to restart PCTEX32.
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figures are not displayed in the dvi viewer, they still may print correctly. This is
true of PCTEX32 ver. 3.4 which is unable to display any figures in its dvi viewer but
it will show at least the caption and the bounding box for PS figures. Version 4.0
of PCTEX32 will not be able to display pictures in certain formats depending on in

which mode it is run: PS or DVI. Yet, it will most likely print correctly.

3.5 Using the Program to Avoid Singularities

It is so simple to use this program. As seen in Table 3.1. To display this table,
the following code will be used.

\begin{table}[tb]

\caption{A sample table} \label{tab}
\vspace{0.2in}

\arrayrulewidth 1pt

\doublerulesep 5pt

\begin{center}

\begin{tabular}{ccc} \hline \hline
Header 1 & Header 2 & Header 3 \\ \hline
1.000 & 2.000 & 3.000 \\ \hline
1.275 & 2.500 & 3.250 \\ \hline
1.500 & 2.875 & 3.450 \\ \hline

\end{tabular}

\end{center}
\end{table}

Notice, that again one must make sure that the table will be placed at the top
or at the bottom of a page. This is accomplished by using parameters [tb] as in
\begin{table}[tb]. Then, the table will be placed centrally on a page, either at the

top or at the bottom.



Table 3.1. A sample table

Header 1 Header 2 Header 3

1.000 2.000 3.000

1.275 2.500 3.250

1.500 2.875 3.450
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In addition to the main package CLIFFORD, in Sections 7?7 and 7?7 we have
used the following additional procedures from a supplementary package AVSD.

Procedure phi provides an isomorphism between a matrix algebra and a
Clifford algebra.

Procedure radsimplify simplifies radical expressions in matrices and vec-
tors.

Procedure assignL is needed to write output from a Maple procedure
eigenvects in a suitable form, it sorts eigenvectors according to the cor-
responding eigenvalues, and it uses the Gram-Schmidt orthogonalization
process, if necessary, to return a complete list of orthogonal eigenvectors.
Procedure climinpoly belongs to the main package CLIFFORD. It com-
putes a minimal polynomial of any element of a Clifford algebra.
Procedure makediag makes a “diagonal” ¥ matrix consisting of singular
values.

Procedure embed embeds the given non-square matrix or a matrix of smaller
dimensions into a 2¥ x 2¥ matrix of smallest k such that it can be mapped
into a Clifford algebra.
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In addition to the main package CLIFFORD, Mike has been using his own commands
and worksheets.
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